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Introduction

In alignment with the vision of the Egyptian Baccalaureate System and its commitment to
preparing learners for the demands of the twenty-first century, this Mathematics textbook for
Grade 11 has been developed to provide students with a rigorous, engaging, and intellectually
stimulating learning experience. The curriculum is designed to foster deep conceptual
understanding, mathematical literacy, and the ability to apply mathematical knowledge and
skills to real-world contexts.

The philosophy underpinning this textbook is grounded in inquiry-based learning, where
students actively construct understanding through observation, questioning, investigation, and
evidence-based reasoning. Learning begins with meaningful problems, authentic situations, and
exploratory experiences that stimulate curiosity and encourage learners to seek explanations for
the mathematical patterns, relationships, and structures that occur in the world around them.
Through this approach, students are guided to discover patterns, formulate conjectures and
explanations, and develop mathematical understanding before engaging with formal concepts,
principles, procedures, and models.

The organization of each lesson reflects a coherent progression from exploration to
conceptualization and application through the Point-Warm-Up-Explanation-Try-Exercise
approach. Students are first introduced to carefully selected contexts, problems, and examples
that connect new learning to prior knowledge and everyday experiences. These engaging
introductions serve as a catalyst for inquiry, encouraging learners to analyze information,
interpret representations, identify patterns, and construct initial explanations. Building upon
this exploratory phase, students then engage with the core mathematical concepts, principles,
procedures, and models that underpin these situations and provide a structured framework for
understanding. The content is intentionally organized to promote deep conceptual
understanding rather than rote memorization, enabling learners to recognize relationships
among concepts, make meaningful connections between ideas, and apply their knowledge
confidently in both familiar and unfamiliar contexts. Through the subsequent Try and Exercise
stages, students are provided with opportunities to practice, apply, and assess their
understanding, ultimately developing a robust, coherent, and interconnected understanding of
mathematics.

This textbook provides extensive opportunities for problem solving, mathematical modeling,
and independent investigation. Students are encouraged to test ideas, collect and analyze data,
evaluate reasoning, and draw justified conclusions. Through these experiences, learners develop
confidence in applying mathematical thinking and become active participants in the
construction of knowledge rather than passive recipients of information.

Assessment is integrated throughout the learning process as a tool for both learning and
improvement. A variety of formative and summative assessment opportunities are embedded
within the lessons to help students monitor their progress, identify areas for growth, and
demonstrate their understanding. Assessment tasks are carefully designed to reflect the nature
of questions students may encounter in examinations while simultaneously promoting
higher-order thinking, analytical reasoning, and the application of knowledge in unfamiliar
contexts.
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Particular emphasis has been placed on highlighting the Nature of Mathematics as a
fundamental component of mathematical literacy. Students are provided with opportunities to
understand how mathematical knowledge is developed, justified, refined, and communicated
within mathematical communities. The curriculum also encourages appreciation of the
contributions of mathematicians and innovators whose ideas and discoveries have shaped our
understanding of the mathematical world and contributed to human progress.

The textbook systematically develops mathematical process skills, including problem solving,
reasoning, representation, communication, modeling, estimation, pattern recognition, data
interpretation, and proof. These skills are integrated within learning experiences to ensure that
students not only acquire mathematical knowledge but also develop the competencies required
to think and work mathematically.

In keeping with the aspirations of contemporary education, the curriculum promotes global
awareness and international-mindedness by connecting mathematical concepts to scientific
practices, technological innovations, environmental challenges, and sustainable development
goals. Students are encouraged to appreciate the interconnected nature of knowledge and to
recognize the role of mathematics in addressing issues that affect communities at local,
national, and global levels.

Furthermore, the curriculum seeks to cultivate critical and creative thinking by engaging
students in the analysis of information, evaluation of alternative strategies, generation of
innovative solutions, and application of mathematical knowledge to authentic challenges.
Learners are encouraged to approach problems as mathematicians, scientists, and engineers,
employing systematic reasoning and design thinking to investigate questions and develop
practical solutions.

A key feature of this textbook is the deliberate integration of mathematics with students' lives
and experiences. Throughout the chapters, mathematical ideas are presented within meaningful
contexts and supported by contemporary applications drawn from science, engineering,
technology, economics, data, sustainability, and everyday life. Such connections reinforce the
relevance of mathematics and help learners appreciate its significance in understanding and
improving the world around them.

Equally important is the curriculum's commitment to fostering reflective learning. Students are
encouraged to engage in self-assessment and metacognitive reflection, enabling them to
monitor their understanding, evaluate their learning strategies, and take increasing
responsibility for their own academic growth. By reflecting on both what they learn and how
they learn, students develop the habits of lifelong learners capable of adapting to new
challenges and opportunities.

Ultimately, this textbook aims to develop mathematically literate, responsible, and innovative
learners who are equipped with the knowledge, skills, values, and dispositions necessary to
thrive in a rapidly changing world. It is our hope that this learning journey will inspire students to
explore mathematics with curiosity, think with rigor, act with responsibility, and contribute
meaningfully to the advancement of society and the sustainable future of humanity.
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1-1 — Binomial Theorem

Binomial Theorem

Chapter 1 Algebraic Proofs

1-1

MATHEMATICS

Concept 1 - Binomial and Multinomial Theorems

Consider the first rows of Pascal's triangle, and | G

notice how the number of terms changes in
each horizontal row as shown in the figure. If
you follow this pattern, how many terms will
there be in the tenth row?

I (a+b)”=a"+10a° + 45a"b" + 120a°0 + 210a"b* + -
252a°b° + 210a%b® + 120a°b + 45a°b* + 10ab” + b"°

Guiding question: How can algebraic

formulas and combinatorial coefficients predict the precise coefficient of any term
in an expanded polynomial (x; + x,)" without performing sequential
multiplication?

4 )

Calculating ,C,

P
2Cr= 2L
r!
5X4x%3
Example: sC; = ——— =
Pl s = 3 axa

nCO =1 nCn =1
Example: sC, =1
Example: sCs =1

When expanding (a + b)", the term with a" =" b" becomes ?-,C‘ a~" b

| 5x4
a 2X a’b? = 10ab?

Example: When expanding (x — 2y)®, the term x*y?

Since the exponent of x is 4 and the exponent of =2y is 2, sC, X x* X
X5
(=2y)° = 1><x X (=2y)* = 15 X x* X 4 X y = 60x*y>

Expansion of (a + b)*(Binomial Theorem)

(@+b)" = ,Coa"+ ,C1a" 1 b+ ,C2a" 2 B’ + .. + pCra® "
br+ ...... +ncnbn

. o
Example: (x +2)° = 5Cp x x5+ sC; xx*x2+4 sC, xx3x22+ 5C; X
x2x23 4+ 5Cy XXX 2% + 5Cs x 2°

. J

Chapter 1 — Algebraic Proofs

Example: When expanding (a + b)7 , the term a3b2I is L e

-

Learning Outcomes

Applies the binomial theorem to find
the expansion of algebraic expressions
and to determine the coefficients of
certain terms.

Exponent of ()

Exponent of b

Start with 5Co

Exponentofx: 5

® Exponentof2:0

Exponentofx : 4

% Exponentof2:1

Exponentofx: 0

Exponentof2:5




1-1 — Binomial Theorem

nn
Solve the following problems.

n Find the coefficient of x* in the expansion of (2x? — 3)’

n Find the expansion of (3x — 2)*

Explanation

n In the expansion of (2x2 — 3)7, the term x* has exponent 2 for 2x?2, and
exponent 7 — 2 = 5for —3 ;Cs (2x2)2 x (=3)°

_TX6X5X4X3
T 5x4x3x2%1

X 4x* x (=243)
= —20412x*
Therefore, the coefficient of x* is —20412

a Expand using the Binomial Theorem.
(Bx—2)* = 4Co X (30)" + 4C1 X (3%)° X (=2) + 4C; X (3%)° X (=2)* +
4C3 X 3xx (=2)° + 4C4 (-2)*
4 4%3
=1x(3x)" + e (3x)’ X (—=2) + TR (3x)* X (=2)* +

4X3%X2

3 4
—X — —
2 x1 3xX (=2) +1x(=2)

= 81x* — 216x° + 216x* — 96x+16

Solve the following problems.

n Find the coefficient of the specified term in [ ] for the following expansions.

(a) (2x = 3y)[x%y] (b) 3x — 2)°[%*]
(c) 3a® - 2)*[a’]
a Find the expansion of the following expressions.

(a) (x+2)° (b) (3a — 2b)

Chapter 1 — Algebraic Proofs

( A& Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.




1-1 — Binomial Theorem

Solve the following problems.

n Find the coefficient of the specified term in [ ] for the following expansions.

(a) (2x — y)*[x'y*] (b) (3a + b)*[ab’]
(€) (e — 4y)” [y?] (d) (3x + 1)°[¥']
(e) (2a — 3)*[a] (f) (3x + 2)°[x*]
(g) (¢ — 1)°[x°] (h)(3x — 1)°[x']
(i) (3% + 2)°[x°]

a Find the expansion of the following expressions.

(a) (x+1)* (b) (a + b)*
(c) (a— 2b)° (d) (x—2)°
(e) (3x +2y)° (f) 2a® — 1)°
(g) (x—3)° (h) (2x — 3y)°

6
(i) (x + %)

* Challenge — Sum of Coefficients

If(14x)°=a+ bx+ cx® +dx® + ex* + fx°, then find the numerical value of
a+b+c+d+e+f.

Chapter 1 — Algebraic Proofs




1-2 — Multinomial Theorem

Multinomial Theorem

Chapter 1 Algebraic Proofs

1-2

MATHEMATICS

If you want to expand an expression consisting of three terms: (x + y + z)*
Without performing the multiplication operation, how can you determine the
coefficient of the term containing x?yz? How do | write without needing to remove

the brackets?

Learning Outcomes

Applies the multinomial theorem to
find the expansion of algebraic
expressions and determine the
coefficients of certain terms.

4 m )
W)
When expanding (a + b + ¢)", the term containinga? b9 c" is:
! albic’
Iq!r!
. e J

Find the coefficient of the term a*b3c in the following expansions.

(@) @+b+o° (b) (@ — 2b + 3¢)°

Explanation

(a) When expanding (a + b + ¢)*, the term a*b3cis

4b3c1

41311!
= 280a*b’c

Therefore, the required coefficient is 280

(b) When expanding (a — 2b + 3¢)*, the term a*b3ciis

8! 4 3 1
4!3!1!a X (=2b)” x (3¢c)

= —6720a*b3c

Therefore, the required coefficient is —6720

Solve the following problems.

n Find the coefficient of the following terms in the expansion of (a + b + ¢)°
(a) a’bc? (b) a?b*c?

a Find the coefficient of the following terms in the expansion of (a + 3b — 2¢)°

(a) a’b*c? (b) ab*c?

Chapter 1 — Algebraic Proofs

( A& Work with a partner)

Collaborate with your group to answer

question 2, then discuss the answer.




1-2 — Multinomial Theorem

Solve the following problems.

n Find the coefficient of the following terms in the expansion of (x + y + z)’
(a) xy°z (b) x*y’*z

(c) x?y*z2

a Find the coefficient of the following terms in the expansion of (x + y + z)°
(a) x°yz? (b) x°y°z

(c) x?yiz?

a Find the coefficient of the following terms in the expansion of (a + 2b — 3¢)’
(a) a2b3c? (b) abc®

(c) a®b*c

n Find the coefficient of the following terms in the expansion of (2a — b + 3¢)?
(a) a?b*c* (b) a*bc?

(c) a*b3c?

* Challenge — Greatest Coefficient

Find the greatest coefficient in the expansion of (1+x+ xz)4

Chapter 1 — Algebraic Proofs




1-3 — Applications of the Binomial Theorem

1-3

Theorem

MATHEMATICS Chapter 1 Algebraic Proofs

Applications of the Binomial

( )
|_Potat! ]

For proof problems using the Binomial Theorem, use the expansion of (1 + x)"

A+x)"= ,Co + Crx+ ,Cox?+...... + ,C, x"

Substitute an appropriate value for x to derive the required equality.

. J

Prove that the following equality holds.

[Proof]
Expanding (1 + x)" using the Binomial Theorem:

1+4x)"= ,Co + nC1x+ 1Cox?+...... + pCn X @

Substituting x = 1 into this expression,
2" = ,Cor 1 X ,C1 + 12 x 2Co + ... +1"x ,C,
2" = ,Co + ,Ci + 4Co +...... + ,Cp

Therefore, the given equality holds.

Prove that the following equality holds.
nCo — nC1 + #C2 — ... +(-1D)" ,Cp, =0

Prove that the following equalities hold.

n 2Co +2,C1 +22,C + ... +2",C, = 3"

B Co—2.Ci +22,Cp — it +(=2)" 4Cp = (-1)"
Cl nC2 n nCn 1 "

Co — — + — e +(-1) —=|=

B n-0 2 22 =1 on (2)

Reflect

Compare binomial expansion and multinomial expansion. In what ways are they similar,
i and how does seeing the binomial as a special case of the multinomial help you unify
i your understanding of algebraic powers and combinatorial counting methods?

Chapter 1 — Algebraic Proofs

SV SV Ve

Learning Outcomes

Employs the binomial theorem in
mathematical and computational
applications.

Substitute x = 1to make (1 +x)* = 2"

( A& Work with a partner)

Collaborate with your group to answer

the try section then discuss the

answer.




1-4 — Division of Polynomials

Division of Polynomials

Chapter 1 Algebraic Proofs

1-4

MATHEMATICS

Concept 2 - Polynomial Division
Learning Outcomes

When you were managing a smart food Performs polynomial division using

delivery app, you would notice that the SRl EIICL T

number of daily orders grows at an
accelerating, non-linear rate as the app
becomes more popular. At the same time,
the app hires new delivery riders at a steady,

constant weekly rate (a linear rate). To find
out the average workload—or "how many

orders a single rider needs to cover" over time—you have to divide the large function of
total orders by the function of the number of riders.

This is exactly where polynomial division comes into play. It is the mathematical tool we
use when we want to break down a large, complex, rapidly growing system and distribute
its load into smaller units to find the exact share or efficiency of a single part.

Guiding Question: How does dividing complex algebraic expressions help us
simplify massive amounts of data and understand the share of a single unit within a
constantly growing system?

r N\ x

rointt |

Errors in subtraction: Mistakes often
happen when subtracting after
multiplication, especially forgetting to
change signs or combine like terms

Division of polynomials can be calculated using long division, similar to integers.

In problems where you “treat as a polynomial in x”, treat other variables properly.  Partial  multiplication:
Multiplying only by the leading term of
as constants. the divisor instead of the entire
divisor.
m If a term of a certain degree is
Solve the following problems. ... missingin the dividend, leave that
space blank.

n Find the quotient and the remainder when 2x* — 5x* — 2 is divided by 2x* —x —1-

a For polynomials A = 4x* — 9ax — 9a* and B = x — 3a, treating each as a

polynomialin x, find the quotient and the remainder when A is divided by B Subtract (2x? —x— 1) x x to
= { eliminate 2x3
Explanation REY
B 2 —x—1[ 20— 5% e 7 subtract(2w—x—D)x(-2)to
23— x%_x @ i ... ..t eliminate —4x?
—4x?+x —2
—4x®+2Xx+2e -

It is the remainder when the degree

becomes lower than the divisor.

Therefore, the quotient is x - 2 and the remainderis - x-4

Chapter 1 — Algebraic Proofs




1-4 — Division of Polynomials

n Since we treat it as a polynomial in x, treat variables other than x as numbers.

4x + 3a
x—3a| 4x? —9ax —9a?
4x? — 12ax
3ax — 9a?
3ax — 9a?
0

Therefore, the quotient is 4x + 3a and the remainderis 0

Find the quotient and the remainder when polynomial A is divided by polynomial

( A& Work with a partner)

Collaborate with your group to solve

B.(For 2, calculate treating it as a polynomial in x).

B A= -13x+1,B=x+2x-3
n A=x>-3ax?+5a*>x—5a%, B=x—2a

Find the quotient and the remainder when polynomial A is divided by polynomial

the try section then discuss the

answer.

B.(For 7-10, calculate treating it as a polynomial in x).
n A=x2-5x+1,B=x-2

a A=x>—4x+1,B=x-3

a A=2x3—-3x243x+4,B=x2-2x+3

B A=6x-8x2+5B=2—2—5

B A=x-7x+6B=x?+2x-3

n A=3x*—-5x3+x—1,B= —x?>+3x+2

A =4x?>—-5ax—6a*, B=x—-2a

a A=x3+ax2+a2x—a3, B=x+2a

nA:x3—2ax2+3a3,B:x+a

m A=x>+3x*y -2y}, B=x+y

% Challenge — Find the Height

A cuboid shaped box of volume 4x3 + 4x? — 9x — 9. If
, the area of its base is 2x* — x — 3, write its height in
terms of x
v
base area
\. Y

Chapter 1 — Algebraic Proofs




1-5 — Quotient and Remainder of Polynomials

Quotient and Remainder of
Polynomials

MATHEMATICS Chapter 1 Algebraic Proofs

m Learning Outcomes
Distinguishes the quotient and the

remainder in polynomial division,

1-5

If a polynomial A is divided by a polynomial B, yielding a quotient Q and a deduces that the degree of the
. . . remainder is less than the degree of
remainder R, then the following equality holds: the divisor, and uses this fact to verify
the correctness of the division.
A=BXQ+R - =

Example: When 7 is divided by % the quotientis I2 and remainderis 1,
[ |
7=3x2+1

In problems where the quotient and the remainder are given, substitute

the known expressionsinto A = BQ + R.

. J

4 )
n Common Mistakes
Stopping too early: Ending the
Find the polynomials A and B that satisfy the following conditions. division before reaching a remainder
of lower degree than the divisor
n When A is divided by x2 — 2x — 1, the quotient is x 4+ 3 and remainder is Coiiisig qrefsng emel ek
Thinking the remainder must always
—2%x+5 be zero, while in fact it can be a term
(or more) of lower degree than the
.. . . . . divisor.
EJ When 4x® + 8x — 9is divided by B, the quotient is 2x — 3 and remainder is L )
x+15

Explanation

Since the quotient and the remainder are given, substitute the known expressions

intoA =BQ +R.
B A= (" —2x-1)(x+3)+(-2x+5) “
= x4+ -2 —6X—X—3—2x+5 S  Solvefor
=x>+x?—9x+2
: 2x* +3x+8
a4x3+8x_9=Bx(2x_3)+(x+15). 2x—3 | 4x* +7x—24
4x3 — 6x?
Bx(2x—3)+(x+15)=4x3+8x—9 o + 7x
B X (2x—3) = 4x3 + Tx — 24 6x* — 9x
16x — 24
B = (4x3+7x—24) (2= 3) @ Lox — 24
=2x2+3x+8 N
Remainder must be 0 J

Chapter 1 — Algebraic Proofs




1-5 — Quotient and Remainder of Polynomials

Find the polynomials A and B that satisfy the following conditions.

C A& Work with a partner)
n When A is divided by 2x* 4+ x + 1, the quotient is 3x + 2 and the remainder is Collaborate with your group to solve

question 2, then discuss the answer.

—2x+6

n When x* — x* 4 3x + 1is divided by B, the quotient is x* — 2x + 5 and the

remainder is —4

Find the polynomials A and B that satisfy the following conditions.

n When A is divided by x? — 2x — 1, the quotient is 2x — 3 and the remainder is —2x.
a When Aiis divided by x? — 3x + 2, the quotient is 2x + 6 and the remainder is 2x — 3
B When A is divided by 2x? — x + 2, the quotient is 2x — 1 and the remainder is 2

n When 2x3 + x? — 3x + 5is divided by B, the quotient is x + 1 and the remainder is
—5x+ 2

B When 6x3 + 11x? — 2 is divided by B, the quotient is 2x> 4+ 3x — 1 and the
remainderis —1

n When 2x3 + 4x? + 7is divided by B, the quotient isx + 2 and the remainder is

3x+13

* Challenge — Recover the Divisor

When x* + x? + 3x — 1 is divided by B, the quotient is x> + x + 1 with the
remainder 3x — 2, then find the polynomial B.

When we divide one polynomial by another, why must the remainder always have a
degree less than the divisor? How does this condition help us verify the correctness
of the division steps and understand the relationship between the quotient and the

remainder?

P T
. g

Chapter 1 — Algebraic Proofs




1-6 — Multiplication and Division of Rational Expressions

Multiplication and Division of
Rational Expressions

MATHEMATICS Chapter 1 Algebraic Proofs

1-6

Concept 3 - Rational Expressions
Learning Outcomes

When a patient takes a prescription Simplifies  fractional  (rational)
expressions by doing multiplication

medication, the concentration of the drug in o
and division

their bloodstream changes rapidly over time.

Medical researchers track this concentration
using math. As the body absorbs the drug, the
amount in the blood spikes, but as the
kidneys and liver filter it out, the
concentration drops.

To model this lifecycle accurately, scientists
use rational expressions—fractions that have
algebraic expressions in both the numerator

and the denominator. When doctors need to

combine treatments, alter dosages, or
calculate how fast two different drugs clear out of a patient's system simultaneously, they
must use the four main arithmetic operations (addition, subtraction, multiplication, and

division) on these algebraic fractions.

Guiding Question: How do the fundamental laws of arithmetic allow us to combine
and simplify complex, shifting algebraic fractions to predict outcomes in medicine

and life sciences?

4 )

Dividing both the numerator and denominator of a rational expression by
their common factor is called reducing.

A rational expression that cannot be reduced further is called an
irreducible rational expression.

Example: Reducing (x—1)(x—3) gives (x—-1)x—3) — x—1 Irreducible rational expression since

x(x—3) x(x—3) X it cannot be simplified further.

When there are polynomials in the denominator or numerator of a rational
expression, first factorise them to check if they can be reduced.

Chapter 1 — Algebraic Proofs




1-6 — Multiplication and Division of Rational Expressions

e D
Students often mistakenly cross out
. identical variables or numbers in the
Solve the following problems. numerator and denominator, even
i . . . i when they are separated by addition
n Simplify the following rational expressions. or subtraction signs.
J
(a) 12ab® (b) x?—4 -
9a3b? 3x2+7x+2
a Calculate the following.
x?—4x—-5 x*—x-20
2x2+5x+2 " 2x2—-5x—3
Explanation
412ab°3
(a) 3 9432 b2
_ap’
32
2 _
(b) X 4 @ -t i Factorise.
3x2 +7x+ 2
_ (x+2)(x—-2)
_(3x+1)(x+2).....................................................-é Cancelthecommonfactor(x_’_z).
_x—=2 :
T 3x+1

a x2—4x-5 . x2—x—=20 .
2x2+5x+2  2x2—5x—3

Change division to multiplication by
using the reciprocal of the divisor.

x> —4x—-5 2x*—-5x-3
= X [ ]
2x2+5x+2 x2—x-20

Factorise.

_ (x+ D=5 _ 2x+1)(x—3)
T2+ D +2) x=5(x+4)

_(x+1D)(x-3)

Cancel out common factors.

T (x+2)(x+4)

Do not expand the brackets.

Solve the following problems.
n Simplify the following rational expressions.

6x2y3 (b) 2x2 —3x—5
20x3y X2 +3x+2

(a)

( A& Work with a partner)

Collaborate with your group to solve

question 2, then discuss the answer.

a Calculate the following.
x*—11x+24  x*+2x

a X

()x2—6x—16 x2—6x+9

(b) x*-9  2x*+5x-3
x2—-x-2" x+1

Chapter 1 — Algebraic Proofs




1-6 — Multiplication and Division of Rational Expressions

Solve the following problems.

n Simplify the following rational expressions.

6a>bc?
8ab4c2

(a)

x? + 3x
x2-9

(c)

) 2x?% — 4xy + 2y?

(e X3 + 3x2y — 4xy?

a Calculate the following.

(a) 2 2
3¢ a*b?
2xy | 8x%y

) — =+
( )3ab 9a2b?

x2—9 x2—-7x+10
X
x2—=2x" x*4+x-12

(e)

22 —-x—10 x2+x—2
x2—2x—3 " x2—6x+9

(g)

x2—y? X2+ xy

R ey

2a°b
(b) 8a3b3
X2 4+x-2
(a) x2—-5x+4
x3—1
f) —
(f) x2+2x—3
6bc>  10a*
b) —
(b) 5q2 X 3b3

x+1 x2—2x-—8
X
x2—4 x? +x

(d)

x2+x—6 x2+6x+8

f X
()2x2+x—6 3x2—5x—2

x?—3x—10 x?—2x—15

h =
()2x2+3x—2 6x—3

% Challenge — Simplify Then Evaluate

X*+8 x*—6x+9 . 2x—6

If x=1+/123, find the value of s

2_x—6 x*-—2x+4 x5-1

Chapter 1 — Algebraic Proofs




1-7 — Addition and Subtraction of Rational Expressions

1-7

Rational Expressions

MATHEMATICS Chapter 1 Algebraic Proofs

Addition and Subtraction of

Addition and subtraction of rational expressions with different
denominators

Just like with numerical fractions, multiply the numerator and
denominator by the same expression to find a common denominator
before calculating.

(x+1)
x=2)(x+1)

Example: ! + L x=2)
P e+ 1 x—2 (x+1)(x-2)

C(x=2)+(x+1)
T+ DE-2)

2x—1
x+1)(x—-2)

When finding a common denominator, first factorise the denominators.

3 2 3
- = -
xX2—x—2 x2-5x+6 E+1)Hxx-2) *x—-2)(x—-3)

Example:

_ 2(x—=3)
x+Dx—-2)(x—3)

_ 2(x—=3)+3(x+1) B 5x — 3

DG =) =3) T x4+ D(x—-2)(x—3)

After combining over a common denominator, calculate only the

3(x+1)
x—2)x—=3)(x+1)

numerator, and check if it can be factorised and reduced .

\

Simplify the following expressions.

x+4 3
x2—2x x2-—-3x+2

!
x+4 3 . :
x?2—2x x*—-3x+42
x+4
TXx—2) G-D@x-2) "
e+ Hx—1)—3x
x(x—1)(x—-2)
x> —4 .
xx-1)x-2)

_ (x=2)(x+2) o :

3 :

Learning Outcomes

Simplifies fractional (rational)
expressions by doing addition and
subtraction

Ve

Adding or subtracting Numerators and
Denominators Directly: The Error:
Students often treat rational
expressions like regular integers,
adding or subtracting the numerators
together and the denominators
together.

T x(x—1D(x—-2)
_ox+2
T x(x-1)

Chapter 1 — Algebraic Proofs

N

First, factorise the denominator.

Find a common denominator.

Calculate only the numerator.

Factorise the numerator.

Always reduce the fraction (cancel

common factors).

Do not expand the denominator.
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Simplify the following expressions.

C A& Work with a partner)

n x—1 + 2 a b 2 Collaborate with your group to solve
X2+4x+3 Xx2+5x+6

— 2 _
x—1 x 1 the try section then discuss the

m —

Simplify the following expressions.

L
x+1 x+1

3 3—Xx
x2+x Xx2+4x

x+2+x—2

x—3 + X
x24+x x2-1

1 1
+
X2+5x+6 x2+7x+12

x+4 xX+5
X2 4+2x xZ4+x-2

x—1 x—3
X24+3x+2 x24+4x+3

8 0 0
=
RS
—
=
S}
+
| w
=
|
@)

x+8 x+5

xX2+x-2 x*-1

% Challenge — Two-Stage Water Filtration

An environmental engineering team is
monitoring a dual-stage water filtration
system at a community reservoir. The
system extracts organic pollutants over |

a timeline of x hours. Stage 1 (Primary

Bio-Filter): the baseline rate of

x3 4+ 8x
pollutant extraction is gt Stage 2 (Secondary Charcoal Filter): a small

8
amount of backflow re-enters, reducing the cleanup rate, modelled by et To
determine the net purification efficiency, subtract the Stage 2 backflow rate from

the Stage 1 extraction rate.
L y
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Compound Fractions

Chapter 1 Algebraic Proofs
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MATHEMATICS

~N
m Learning Outcomes
I '
y 1- % Simplifies compound fractions and
. . . . . 2 y converts them to their simplest form.
Expressions that contain rational expressions in the = L=
denominator or numerator, like the one on the right, are
called compound fractions.
When calculating compound fractions,
multiply the numerator and denominator by the same expression .
\_ J
Simplify the following expressions.
n 1 ; ;
1 a l1—x 1+x
1= x—1 1 _ L
1-x 1+x
Explanation Multiply numerator and
1 . 1 denominator by x — 1
n 1 T @ a 1—X 14X g . oo,
1— —— 1 1
x—1 1—x - 1+x Multiply numerator and
IXx(x—1) denominator by (1 —x)(1 + x)
1 ! L 2 Vxa-na+v
<l—x_1>><(x—1) _\1-x 1+4x
— 1 1
_ x—1 - x(1=x)(1+x)
x—1 1-x 14+x
R
- Q1-x0+x) A-x0+x)
x—1
= ] _ 1—x 14+x
x-1- 0-00+9 (1-00+x
_x—1 1—x 1+x
x—2

_(Q+x+(0-x)
T A+x)-(1-x)

1=l

Chapter 1 — Algebraic Proofs
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Simplify the following expressions.

1 1
0 TR
B - RS
x+2 x—-2
B
1— ——
1
-3

Simplify the following expressions.

2 1_|_x—y 1 + 1
x—1 x+y xX+y x-=Yy
B—L_z a—- 8-—-——~
x—1 xX+y X+y x-y
x+1_x—1 1
nx—l x+1 al 1
x+1+x—1 _1 1
x—1 " x+1 t3

% Challenge — Signal Booster

In telecommunications, when a signal travels through a series of repeating
booster nodes, its strength degrades recursively. A network engineer models the
efficiency E (x) of a 3-stage booster using the following compound fraction:

1

EX) =
1+ 1
1 -
+1+x

where x> 0. Convert this compound fraction into a single rational expression
A)
B(x)’

______________________________________________________________________________________________

Reflect

Consider the following mathematical statement:

16 . .
7 =X+ 4 Is this equation an

absolute identity for all real numbers x? Explain why or why not. If a student graphs
_x*—16

M—

y =X + 4. What specific feature of the graph is hidden by typical screen resolutions at

=x+4 on a graphing calculator, it appears identical to the line

x=4?

B e L L PP P E TNy

Chapter 1 — Algebraic Proofs
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Collaborate with your group to solve

question 3, then discuss the answer.
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MATHEMATICS

Concept 4 - Identities and Proofs
Learning Outcomes

If you have ever worn a fitness tracker that Recognises an algebraic identity and

. distinguishes it f tion.
monitors your heart rate, or looked at an ECG PSS En e el

(electrocardiogram) wave monitor in a medical
drama, you have seen complex signal processing
in action. Biological rhythms—like the beating of
a human heart or the electrical firing of neurons
—are cyclical. Medical devices track these

rhythms using layered, complex wave equations.

If a pacemaker or medical monitor had to

calculate these massive equations in their

rawest, bulkiest forms every millisecond, the device's battery would drain rapidly, risking
the patient's life. To prevent this, software engineers replace massive wave formulas with
streamlined, simplified equivalents. This substitution is only possible because of
mathematical identities—absolute laws showing that two entirely different-looking
expressions yield the exact same output for every single value. Proving equalities isn't
about solving for an unknown variable; it is about proving that two different
mathematical pathways are fundamentally the same.

Guiding Question: How do we mathematically verify that two distinct expressions
are identically equal for all domain values, and how does manipulating one side of

an equation preserve structural equivalence without altering its output?

( )

An equality that holds true for any value substituted for x is called an

identity in x.

ax? + bx+c=a'x*> + b'x+ c'isanidentity in x.

Coefficients of terms of the same
S a=a,b=b' =€ @

degree are equal on both sides.

When solving identity problems in x, arrange the given expression in

descending order of powers of x , then compare the coefficients of each

term.

For identities involving rational expressions, first clear the denominators.

Chapter 1 — Algebraic Proofs
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Find the values of the constants a, b, and c such that the following equations are

identities in x.

n >+6=a(x+1’+b(x+1)+c

a 3x+1 _a + b
x+2)(x—=3) " x+2 x-3

n X246 =X+ 1) +h(XA 1)+ @t

Rearrange the RHS in descending

powers of x.
x?+6=ax’?+Qa+b)x+(@+b+c)® T -

Therefore, 1=a,0=2a+b,6=a+b+c®------------------- :
' Compare the coefficients of terms

Solving this system of equations givesa = 1, b= —2,andc = 7
with the same degree.

« If there is no x term, consider the

coefficient to be 0

« Solve the simultaneous equations

fora, b,andc.

a x+ 1 =4 + b L R R R R Multiply both sides by (x + 2)(x — 3)
(x+2)(x—3) x+2 x-3

to clear the denominators.
3x+1=a(x—3)+b(x+2) @ittt '

3x+1=(a+b)x+(—3a+ 2b)

Rearrange the RHS in descending
Therefore, 3=a+b, 1= -3a+2b  teea.s
powers of x.

Solving this system of equations givesa = 1and b = 2

Find the values of the constants a, b, and c such that the following equations are

C A& Work witha partner)

identities in x. Collaborate with your group to solve
n x2—x—-3= a(x _ 1)2 +b (x _ 1) +ec the try section then discuss the
answer.

a 1 _ a + b
x—1D(x+1)  2x—1 x+1

Chapter 1 — Algebraic Proofs
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Find the values of the constants a, b, and c such that the following equations are

identities in x.

B cc+-bx+5) =8¢

B ctab+3)=4ax+12

B 22 +5x+4=(x+1(ax+b)+c
n (ax+b)(x+1)=4x>+cx+1

a 2x2—=7x+8=(x—-3)(ax+b)+c

a a + b _ 5x—1
x—1 x-5 (x—-1)(x-5)

x+38 a b
x-2)(x+3) x—2 x+3

n 3x—8 _a + b
X2 +5x—2 x+2 3x-—1

% Challenge — Partial Fractions

An environmental toxicologist is studying how a

specific organic compound clears from a water
filtration ecosystem. The clearance rate =

efficiency f (¢t) depends on time ¢ (hours, t > 0)

and is modelled by

22t + 15
= —————
f® 82+ 10t + 3
- . . a b .
\ Separate it into two partial fractions T + TIEY then find a and b.
y,

Chapter 1 — Algebraic Proofs
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MATHEMATICS

4 )

m Learning Outcomes
Prove the validity of algebraic

. . . . equalities and identities in regular
To prove the equality LHS=RHS, simplify the LHS and RHS respectively so cases (without any prerequisites)

that they become the same expression .

. J

Prove the following equalities.

B o+’ - G-y =4y
a (a® +b%) (Z + d?) = (ac— bd)* + (ad + bc)?

n Calculate and simplify the LHS to derive the same expression as the RHS.

[Proof]

LHS = (x2 + 2xy +y2) _ (x2 — 2xy +y2) R R Start with the LHS
=x2+2xy +y? —x* + 2y — )2

S AXY @ -t elillloiloioiiaoieooe The same expression as the RHS

Therefore, (x 4+ y)? — (x — y)* = 4xy

a Calculate and simplify the LHS and RHS respectively to derive the same

expression.

[Proof]

LHS = a?c 4+ a?d? + b2c? + bPd?...... (1) @ -----c e e Start with the LHS

RHS = (a?c? - 2abed + b2d?) + (a?d? + 2abed + b?c?)

= a’c* + b*d® + a*d® + b?¢?

Rearrange terms to match (i)

= a’c* + a’d*> + b*’c? + b*d? ... (i) @ ---remrmmrre e

From (i) and (ii), (a® + b?) (¢* + d*) = (ac — bd)* + (ad + bc)*

Chapter 1 — Algebraic Proofs




1-10 — Proving Equalities (1)

Prove the following equalities.

( A& Work with a partner)

X+ 2 + (x— > = ox2 + 2)? Collaborate with your group to solve
y y y
a (az _ b2) (c2 _ dz) = (ac— bd)z —(ad — bc)2 the try section then discuss the
answer.

Prove the following equalities.

n (P+x+1) (x*—x+1) =x*+x*+1

a (a+b)3—3ab(a+b):a3+b3

B (@a+b+c)(a*+b*+c*—ab—bc—ca) =a®>+b* + ¢ — 3abe
n (a+ 2b)2 —4ab =(a— 2b)2 + 4ab

a (x*+1) (*+1) =0y + 17 +x—y)

B Ca+bP -+ 2b)* = 3 (a® — b?)

% Challenge

Prove that:(a® — ab + b*) (a* + ab + b?) = (@ +b>* = (ab)’

Chapter 1 — Algebraic Proofs
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MATHEMATICS

m Learning Outcomes
Prove the validity of algebraic

. . . . equalities and identities in conditional
In proving conditional equalities, express one variable from the cases

conditional equation in terms of the others and substitute it to eliminate

that variable.

Example: Ifx + y = 1, substitutey = 1 — x to eliminate y.

\. J

Ifa+ b+ c =0, prove the following equality.

a’? + b? + ¢ = =2(ab + bc + ca)

Explanation

[PrOOf] Express one variable in the
Froma+b+c=0,c=—-a—b...... (61 conditional equation in terms of the
Substituting (i) into the LHS, ® === -----rsoomrsmooromooorsoorseoos others

LHS = a® + b* + (—a — b)°

=a?+b*>+a*+2ab+b? - ==} Substitute (i) to eliminate ¢

=2a? + 2ab +2b* ...... (ii)

Substituting (i) into the RHS,

RHS= —2{ab + b(—a — b) + (—a — b) a}
= —2(ab —ab — b*> — a*> — ab)

= —2(—a®—ab—b?)

= 2a® + 2ab +2b* ...... (iii)

From (ii) and (iii), a® + b*> + ¢*= —2(ab + bc + ca)

Prove the following equalities.

( A& Work with a partner)
n fx+y=1, x2 + y2 +1=2(x+y—xy) Collaborate with your group to solve

a fa+b+c=0,a°+b®+c = 3abc

the try section then discuss the

answer.

Chapter 1 — Algebraic Proofs
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Prove the following equalities.

B fx+y=1.x+y*=1-21p
B fx—y=1x"+y =20 +1
a fx+y=1,x>-—x=y*—y

u Ifa+b+c=0,a*+ca=Db*+bc

B fa+b+c=0(@+b)(b+c)(c+a)+abc=0

% Challenge — A Constant Sum

Three non-zero numbers a, b, csatisfy a + b + ¢ = 0. Prove that, whichever such

numbers you choose, the sum below always equals exactly —3 :

a b c

+ + =-3
b+c c+a a+b

Reflect
Why is it mathematically invalid to perform cross-multiplication or add terms to both
sides when proving an identity, and how does working strictly on one side ensure

that the proof remains logically sound?

e
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MATHEMATICS

m Learning Outcomes
Prove the validity of algebraic
equalities and identities in

An equation expressing that ratios or values of ratios are equal, like proportional cases.

a c . .
5 = P orx:y:z=a:b:c,iscalled a proportion.

a c a c

For problems with condition — = — | first let — = — =k and express as
b d b d

a =bk,c =dk

For problems with conditionx:y:z=a:b:c, let k be a constant and

expressasx = ak,y = bk,z = ck

Solve the following problems.

n If = = <, prove that ab___cd

b aP a2+b E+d
o . 2xy +yz + 3z2x

a Ifx:y:z=2:3:5,find the value of e

Chapter 1 — Algebraic Proofs
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Explanation

n [Proof]

La%::%:kJMnazbhc=dk ...... (i)

! Eliminate a

Substituting (i) into the LHS, ® -~ == --------msmrsmmmmosorsome oo

LHS = bk2>< b
(bk)” + b?

2
__bk
b2k2 + b2

i Factorise and simplify

bk
T2 +1)

Substituting (i) into the RHS, ® - === ------smmmmmmmmsmmmmmmmmmm oo Eliminate ¢

_ dkxd
(dk)* + d2

__ P, _
T d2k2 + d2 Factorise and simplify

_ d%k
T d2(k2+1)
_k

T k241

ab cd
- ity and (iii), _
rom (ii) and (iii) i 21 d

a Fromx:y:z =2:3:5,let k beaconstant,

x =2k, y =3k, z=>5k..... (i)

2xy +yz +3zx 2 X2k X 3k + 3k X 5k + 3 X 5k X 2k
X +yr 4z (2k)* + (3k)’ + (5Kk)°

from (i),

57k>
38k?2

57

38
3

2
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Solve the following problems.
ab+cd a’+c?
ab—cd  a®—c?

d
2 2 2
X y z X +y +z Xy +Yyz +2x
If ~ = —, prove that =
a b cp a?+b*+c* ab+bc+ca

n If% = E, prove that

b+ bc +
a fa:b:c=2:3:4, findthevalueof%
a“+ b +c

Solve the following problems.

nlfa—c rovethata+b—c+d
b~ aP a—b c—d
alfa—c rovethat3a+c—2a_c
b~ aP 3Bb+d 2b6—d
Yy a?+x*  b*+)°
a Ifa = E,provethat Pl e
_y_E x+y+Z_§
nIfa—b—c,provethata—+b+c—a
Yy _z X+2y+32 x+y+z
ahca_b_c’provethata+2b+3c_a+b+c
n Ifa :Jé = %,provethat(a2+b2+cz) (2 +y*+2%) = (ax + by + cz)’
] a’?+b*—¢?
Ifa:b:c:3:5:2,fmdthevalueofm
2 2 2
n fx:y:z=2: —3:4,ﬁndthevalueofM
Xy +yz +2zx
2 2
n If)—c _Y # 0, find the value ofi
7 3 x% +xy +y?

% Challenge — Adjusting a Chemical Solution

Imagine you are a chemist with two containers
of saltwater solution. Container 1 has a grams

of salt in b millilitres of water; Container 2 has ¢
grams in d millilitres. Both have the exact same

. a_c
concentration, so — = —
b d

Your supervisor comes in with two quality control tests you need to run:

Test 1 (Total Mass): You need to find the ratio of the total mass (salt + water) to
the pure water for both containers.

Test 2 (The Difference): You need to find how the total mass compares to the net
difference between the water and the salt (water - salt) for both containers.
Prove that if the starting concentrations are equal, the ratio of their combined
mass to their separated difference will also remain perfectly equal:

a+b c+d
a—-b c—d

C A& Work with a partner)

Collaborate with your group to solve

question 3, then discuss the answer.
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MATHEMATICS

Concept 5 - Inequalities

You are a bio-engineer designing a

VOLUME —,

biodegradable capsule to deliver a life-
saving drug to a specific tumour inside
the human body. To ensure the drug
releases at the perfect rate, you need the =
capsule to have the maximum possible

volume, but you have a strict limit on

the amount of expensive raw polymer

available to create its outer surface area.

How do you find the absolute best design when you can't just use an exact equation to
give you a single answer? You use inequalities.

While regular equations tell us exactly when things are equal, inequalities tell us the
optimal limits of what is physically possible—the absolute maximums and minimums. In
life sciences, economics, and logistics, the most powerful tool for finding these bounds is

a beautiful, universal mathematical law known as the AM-GM Inequality.

Guiding question: How can algebraic techniques and the structural properties of
positive real numbers be used to establish definitive upper and lower bounds for
variable expressions, and how does equality emerge as a special boundary

condition?

( )

To prove the inequality LHS > RHS, calculate their difference LHS = RHS

and show that it is positive . (LHS - RHS>0)

If a condition like a > b is given, rewrite itas a — b > 0 to use in your proof.

N J
I|

Prove the following inequalities.

a Ifa > bandx >y, prove that2(ax+ by) > (a+ b)(x+ )
a Ifx >3 andy > —5, prove that xy + 5x > 3y + 15

Chapter 1 — Algebraic Proofs

Learning Outcomes

Prove that algebraic inequalities are
correct in various math situations
(conditional).
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a [Proof]

LHS — RHS = 2(ax+by)—(a+b)(x+y). ...............................

Start with “LHS—RHS =~

= 2ax + 2by —ax — ay — bx — by

= ax — ay — bx + by. ................................................... Factor the expression.
=a(x—y)—blx—-y) Factor out the common factor from

the first and second terms.
=(a-b)(x-y) '

Sincea > bandx >y,wehavea—b>0andx—y >0,

(a—b)(x—y)>0. .................................................... IfA> 0andB > 0,then AB > 0

Therefore, 2(ax+ by) >(a+b)(x+Yy)

a [Proof]

LHS—RHS:X)}+Sx—(3y+15). ...................................... Start by writing “LHS—RHS =

=x(@+5-3(p+5)

=x=3)+5) EERERERERE common factors from the two
Sincex>3andy > —5,wehavex—3>0andy + 5 > 0, preceding and succeeding terms.
(x=3)(y+5)>0
Therefore, xy + 5x > 3y + 15

Prove the following inequalities.

Factor the expression; factor out the

C A& Work with a partner)
n Ifa > bandc > d, prove thatac + bd > ad + bc Collaborate with your group to solve

the try section then discuss the

a Ifx>2andy > 1, prove thatxy + 2 > x+ 2y

Prove the following inequalities.

answer.

n If x >y, prove that 3x — 4y > 2x — 3y
n Ifa > cand b > d, prove that ab + cd > ad + bc
a Ifa>1andb > 1, provethatab+1>a+b

n Ifa > b > x>y, prove that ax + by > ay + bx

* Challenge — Rearrangement

lfa>b>c>0andx>y>z>0, provethatax+ by + cz>ay + bz + cx

Chapter 1 — Algebraic Proofs
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MATHEMATICS

m Learning Outcomes
Prove that algebraic inequalities are

o correct in various math situations
To prove LHS > RHS, calculate their difference and show that (unconditional).

LHS—RHS >0

To prove an inequality for all real numbers, use completing the square to

formX? orX* +Y?
For inequalities with > or <, you must state the condition for equality.

For real numbers X, Y : X*> > 0. Equality holdswhen X =0

X’ +Y? = 0.Equality holdswhen X = 0and Y =0
\_ J

Prove the following inequalities. Also, determine when equality holds.

na2+4b224ab ax2+y222(x—y—1)

Explanation

a [Proof] '
Start with “LHS—RHS”

LHS — RHS = @2 +4b> — 4ah ® ==+ - - c-ormrmsm s

=% —4aD + Ab? @ - !
Complete the square to form X?

= (a — 2b)* — 4b* + 4b?

= (A= 2D) 20 @ il !

Therefore, a? + 4b2 > 4ab

Also, equality holds when ® - - - -------cvoomcennnnnny
: Equality holds when X = 0

a—2b = 0, thatis,whena = 2b

Chapter 1 — Algebraic Proofs
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a [Proof]

LHS —RHS =x2 + 3% —2(x =y — 1) @ -ccmvcnmnmenmiiaiaaaa Start with “LHS—RHS”

= X2 = 2K+ YR A QY42 @t

=(x—-1P —-14+@+1P>—-1+2 . Complete the square for x andy to
---------- formX? + Y2

=X =1 P+ 1) 20 @

Therefore, x> + y* > 2(x—y — 1).

1 e e cccccceacees 2 2
Also, equality holdswhen @ - - - - - - - - - ooeeoeoo XY= =20

x—1=0andy+1=0,thatis,whenx=1andy = -1
. Equality holds when X = 0 and

Prove the following inequalities. Also, determine when equality holds. 4 )
C A& Work with a partner)
2 2 2 2 2 .
n (a +b ) (x +y ) = (ax+ by) Collaborate with your group to solve
a @ + 5b2 > 4ab the try section then discuss the
answer.

m & )

Prove the following inequalities. Also, determine when equality holds except for 5.

n 9x% > y(6x—y) a 2 (x*+y?) > (x+y)
B -y =3(2-) B @a+3b7 =120

ax2+2>2x Bx2+y2—6x+8y+2520

% Challenge — Never Negative

You are a data analyst at a factory that e
&0

e

Drone Manufacturing Factory e

produces precision drone components using
two machines, X and Y. Due to mechanical

wear, calibration drifts, and energy spikes, the
daily overhead cost (in dollars) based on the
settings x and y is modelled by

Overhead Cost = x? + 2y? — 10x + 12y + 43

Prove that no matter what settings x and y are chosen, the factory will never

have a negative overhead cost.
\. J
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MATHEMATICS

To prove inequalities with radicals, calculate the difference of their squares,

(LHS)? — (RHS)?

Use the following properties in the proof:

«When LHS > 0, RHS > 0: (LHS)? > (RHS)* < LHS > RHS

(LHS)? > (RHS)* & LHS > RHS

«Whena >0, y/a>0

\_

Prove the following inequalities. Also, determine when equality holds for 1.

a+b

[a® + b?
nlfa>0andb>0, > > 2

a Ifa>0andb>0, Va+4+vb> a+16b

Explanation

n [Proof]

(LHS)? — (RHS)* = (

2 2
a’+ b? _(a+b)’,
2 2
a’+b*> a*+2ab+b?

2 4
a? — 2ab + b?

4 .
(a_b)2 |
>0 @

2

Sincea> 0, b > 0,

2
2 2
la*+b 2a+b
2 2

Also, equality holds when e

a—b = 0, thatis, whena = b. '

From (i) and (ii),

Learning Outcomes

Prove that algebraic inequalities are
correct in various math situations
(including those with roots).

- Calculate (LHS)2 — (RHS)?

X220

Showed (LHS)? > (RHS)

Must show LHS > 0, RHS > 0

Proved LHS > RHS

Chapter 1 — Algebraic Proofs

Equality holds when X = 0
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a [Proof]
, .
(LHS)? — (RHS)2 = ( Jva+4 \/E) - ( va+ 161))2 L Calculate (LHS)? — (RHS)?

=a+ 8 vab + 16b — (a + 16b)

=a+8+ab+16b—a—16b

= 84/GD > 0 @ - vab >0
Thus, (va+4 vb? > (va+16b)" ....(0) "
Sincea > 0,b>0, ya+4+vb>0, Va+16b>0.... (1) ®@---------c-mnm-- Must show LHS > 0, RHS > 0

From (i) and (i), v/a+4+/b>+/a+16b

Prove the following inequalities. Also, determine if equality holds for 1

( A& Work with a partner)

n Ifa>0andb >0, v/2(a+b) = Va+ Vb Collaborate with your group to solve
n Ifa>0andb >0, 2\/a+ \/— > \/4a—+b the try section then discuss the

answer.

Prove the following inequalities. Also, determine if equality holds for 1 to 3

BY fa>0.2+a> V3+6a
a Ifa>0andb>0, /2(a2+b*)=>a+b

a Ifa>0andb>0,\/a+b = vat vb
2 2
B fa>o0andb>0, ya+ vb> Va+b

B fa>o0andb>02a+3vb> Vaa+9b
n lfa>b>0, va—b> \/a— vb

% Challenge — A Root Inequality

b

If a > b, where a and b are two positive numbers, prove that va — b < +/a - 7
a

Chapter 1 — Algebraic Proofs
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1-16

Inequality)

MATHEMATICS Chapter 1 Algebraic Proofs

Proving Inequalities (4) (AM-GM

The Arithmetic-Geometric Mean (AM-GM) Inequality

Whena >0, b > 0, a;—b >+/ab,ora + b > 2+/ab
Equality holdswhena = b

The AM-GM inequality is highly useful when the product of the terms
simplifies to a constant.

1 1
Example:a+ —=>ax - =1
a a

\_

Prove the following inequalities. Also, determine if equality holds.

B fa>0andb>0 24+ 252
a b

a Ifa>0andb >0, (a+b)(%+%> >4

Explanation

n [Proof]

. b a
Slncea>0,_>0,. ............................................

b
By the AM-GM inequality,
boa,,/bye
a b~ a b
é+g>2
a b~

b a
Therefore, — + —>2
a b

Also, equality holds
b
when — =
a
b* =a?
Sincea>0,b>0,a=b

Thus, equality holds whena = b

Chapter 1 — Algebraic Proofs

Learning Outcomes

Applies  the arithmetic-geometric
mean inequality to prove inequalities
and find max values.

........ Always write this

"""" Multiply both sides by ab
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a [Proof]

(a+b)(§+

a Always write this

By the AM-GM inequality,

g + 2 >2 E X 2

b a b a

a b Add 2 to both sides to match (i)

e — S 2 @ e

b a

a b

E + 5+2 D Y Showed (Expression (i)) = 4
1 1

Therefore, (a + b) (— + —) >4
a b

Also, equality holds

hen £ =
when E = a. .......................................................... Multiply both sides by ab

a’=b?
Sincea>0,b>0,a=b

Thus, equality holds whena = b

Prove the following inequalities. Also, determine if equality holds.

( A& Work with a partner)
12a

b
n Ifa>0andb >0, 3— + T =>4 Collaborate with your group to solve
a

the try section then discuss the

1 9
a Ifa>0andb >0, (a+ E) (b+a) =16 answer.

Prove the following inequalities. Also, determine if equality holds.

4
n fa>0,a+— >4
a
4
n Ifa>0andb>0,3ab+524\/§

a Ifa>0andb>0,a+b+iz6
a+b

n Ifx >0, <x+ 1) (x+‘—1) >9
X X

B fa>o0andb>o, (a+8b)(§+l) > 18

a Ifa>0andb >0, (a+%> (b+§) > 12

Chapter 1 — Algebraic Proofs
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% Challenge — Maximum Area

Arectangle has a perimeter of 200 cm. Using the relation between A.M. and G.M.,
prove that the area of the rectangle < 2500 cm?.

Perimeter =200 cm

A
Y

______________________________________________________________________________________________

Reflect

We proved in the lesson that the AM-GM Inequality (aT+b > +/ab) always holds true,
provided that the numbers are non-negative (a, b > 0).

Question for Reflection: What happens if we try to break this condition and apply
the inequality to negative numbers? Suppose thata = —2and b = -8.

1. Calculate their Arithmetic Mean (AM).

2. Attempt to calculate their Geometric Mean (GM).

3. Does the inequality sign (2) still hold true and remain valid?

Explain the algebraic and logical breakdown that occurs here, and why defining
“domains and restrictions” in inequalities is vital to prevent medical and engineering

models from collapsing in the real world.

P T

Chapter 1 — Algebraic Proofs
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Sequences and General Terms

Chapter 2 Sequences

2-1

MATHEMATICS

Concept 1 - Arithmetic sequences

Imagine you are a personal trainer g . .
designing a recovery program for an @ ’i T (O T

injured athlete. You have them jog for 10 - = A e iemcrell e 97 2 Seeuees,
minutes a day on week one, increasing it

by exactly 3 minutes every subsequent
week (13 minutes, then 16, then 19...).

= and deduce some of its terms.
%
[weex] +Zmin
A §

medicine and biology, these fixed patterns govern critical processes like the hourly rate at

This constant linear increase is an

arithmetic sequence in action. In

which the liver clears toxins or how cells divide over time. Instead of adding the schedule
week by week to find your patient's training duration on Week 24 or their total
accumulated running time over several months, arithmetic formulas deliver these exact
answers instantly.

Guiding Question: How can constant rates of additive change be modeled
mathematically to determine both specific individual terms and total cumulative

sums across a sequence?

fm )

0 A list of numbers arranged in a row is called a sequence, and each

number in the sequence is called a term .

The terms of a sequence are called the first term , the 2nd term, the 3rd
term, etc., in order from the beginning. The term in the n-th position is

called the n—th term.

0 To express a sequence generally, we write it as follows by attaching the

term number to a single letter.
i a isthefirstterm, a, isthe n—th

a, ap, az, ..., a N R R R I .-
1, U2, U3, s Unos | term.

This sequence is also denoted as {a,}.

Example: {a,}: 2, 4, 8, 16, ...

ai=2,a,=4,a3=8,a4 =16, ...

0 When a, is expressed as an expression in terms of n, substituting 1, 2, 3,
...forngives a;, as, as, ...

Such an expression in terms of n is called the general term of the

sequence {a,}.

Example: Ap=—2N+7 @ -----emmem e b - - —2n+7is a general term.

a=-2X14+7=5 = —-2%X2+7=3 az=—-2X%X3+47=1
N\ _J

Chapter 2 — Sequences
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Solve the following problems.

n When the general term of the sequence {a,} is given by a, = nLH, find the

first term through the 3rd term of this sequence.

a Deduce the general term of the following sequences {a,}.

(@0, 1,4,9,16, .. (b) 2, —4, 6, =8, 10, ... ©1 2345
’ 3’ S’ 7, 97 e
Explanation
. . n
n Substituten =1, 2, 3intoa, = —
n+1
1 2 3
=11 2= B=30
1 2 3
) "3 T4

a Create a formula by considering the regularity.
(a) Sinceitis (term number-1)?,a,, =(n—1)*
(b) For sequences with alternating signs, consider the regularity of the sign part

and the number part separately.

Regarding the sign, since the first term is “ + ” and it alternates, (- 1)" "1 ®----------

Regarding the number, since itis 2 x (term number),2n @ - - - - - - -« -t AA

Therefore, a,= (-1)""! x 2n

(c) For fractional sequences, consider the regularity of the denominator and

numerator separately.

The denominatoris 2 x (term number)-1,s02n —1 @ ---------------c--cce-ceon

The numerator is (term number), son
n

Therefore, a, =
2n—1

Solve the following problems.

n When the general term of the sequence {a,} is given by the following

formulas, find the first term through the 3rd term of the sequence.
n

2= 2n-3 b) a,= 2 x 3" n=n>-7 = ——
(a) a n (b) a X (©)a n*=7n (d)a T

a Deduce the general term of the following sequences {a,}.

(@0, 1,8, 27,64, ... (b)=3,6, —9, 12, —15, ...

€)2 5,8, 11, 14, ... 35 7 9

© @di-, =, =, —, ..
4’9’ 16° 25

Chapter 2 — Sequences

If the first term is “ —” and it

alternates, itis (- 1)".

Even numbers are 2n.

0Odd numbers are 2n—1

C A& Work with a partner>

Collaborate with your group to solve

the try section then discuss the

answer.
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Solve the following problems.
n When the general term of the sequence {a,} is given by the following

formulas, find the first term through the 3rd term of the sequence.

(a) a,= 5n-8 (b) a,= —3n+1 (c) a,= —2n—4 (d) a,=3"-1

(e) a,= (=3)" ®) a,=3x(=2)" (g) a, = n*-1 (h) a, = n?> + n+1
. . 1 2n n+1

i) a, = n’+2n+4 (J) a, = 3'1—_2 (k) a, = m ) a, = 1

a Deduce the general term of the following sequences {a,}.

(@)o0, 2 4,6,8, .. (b) 1, 4, 9, 16, 25, ...
(©)0,3,6,9,12, ... (d) -5, 10, —15, 20, —25, ...
(e)1, —%, % —;, %, (f) -1, 4, =7, 10, —13, ...
(g) 7%, 8%, 9%, 10%, 113, ... (h) 4, 9, 14, 19, 24, ...

() 6, 13, 20, 27, 34, .. G) % % %, %, g

(k) 1x3,2x%x9,3x27, 4x81, 5x243, ...

* Challenge

1

1><12><13><14><15><
2’ 3’ 4’ 5 6

Deduce the general term then find the 20th term.

Chapter 2 — Sequences
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Arithmetic Sequence (1)

Chapter 2 Sequences

2-2

MATHEMATICS

(m
0 A sequence obtained by successively adding a constant number d to

each preceding termis called an arithmetic sequence , and the constant

number d is called the common difference .

Example: An arithmetic sequence with the first term 1 and the common
difference 3

1 +34+37+310 +313

a The general term of an arithmetic sequence with the first term a and the

common differencedisa, = a+ (n—1)d ®

.

Solve the following problems.

n Find the first term and the common difference of the following arithmetic
sequences.

@2, 5,8, 11, ... (b)3, =2, =7, =12, —17, ...
a The following sequences are arithmetic sequences. Find the common
difference and the numbers that fit in A and B.

(@A, 2, —1,B, ... (b)13,A, B, =2, ...
a For the arithmetic sequence {a .} with the first term 8 and the common

difference -6, find the general term. Also, find the 20th term.

n (a) First term: 2, Common difference: 3 ®

(b) First term: 3, Common difference: —5@
-3 -3 -3 -3
B) @A 2, Y, B Y
Common difference: =3, A: 5, B: —4

d d d d
(b)13,7 YA, 7B, 7 Y2, 7Y |

—_— "\
-15

Let the expected common difference be d, 3d = —15 Therefore,d=-5

Common difference: -5, A: 8,B: 3

Chapter 2 — Sequences

Learning Outcomes

Calculate the general term of an
arithmetic sequence, and find some
specific terms in it.

a, as, asz, ...
o +d  +d

an is obtained by adding “d” to

“un

a” exactly (n—1) times
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a The general term is found by substitutinga = 8, d = —6into
a, =a+m-1)d.
a, = 8+ (n—1) X (—6)
=8—-6n+6
=—-6n+14 a,=—6n+14
The 20th term is found by substituting n =20 into
a,= —6n+ 14
A= —6 X 20 + 14

=—-106 ayy= —106

m C A& Work witha partner)
Collaborate with your group to solve

the try section then discuss the

Solve the following problems.

answer.
n Find the first term and the common difference of the following arithmetic

sequences.

(@1, 5,9, 13, 17, ... (b) 23, 19, 15, 11, 7, ...

a The following sequences are arithmetic sequences. Find the common
difference and the numbers that fit in A and B.

(a)2,9,A,B,... (b)A, 17,B, 5, ...

a For the following arithmetic sequences {a .}, find the general term.
Also, find the 7t term.

(a) First term 4, common difference 3 (b) First term 2, common difference -3

Solve the following problems.

n Find the first term and the common difference of the following arithmetic

Sequences.
(a)3,5,7,9 11, ... (b) =13, =9, =5, —1, 3, ...
©) =2, 1, 4, 7, 10, ... @10, 7, 4,1, =2, ...
16 14 10 9 11
6, =, —. 4 —. . fy—d, —=, =5, ——, —6, ...
©6 3 3243 ® 2 2

Chapter 2 — Sequences
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a The following sequences are arithmetic sequences. Find the common

difference and the numbers that fit in A and B.

(@)8, 15,A,B, ... (b)7, 13,A,B, ...
(©)A, 9, 4,B, ... (d)A, 15,B, 9, ...
(e)1LA, B, 20, ...  (D)17,A, B, 5,C, ...

a For the following arithmetic sequences {a ,}, find the general term. Also, find
the 7th term.

(a) The first term 5, and the common difference 4

(b) The first term - 2, and the common difference 3

(c) The first term 10, and the common difference -3

1 1
(d) The first term —2 and the common difference -3

n For the following arithmetic sequences {a ,}, find the general term. Also, find
the 10th term.

(a) The first term -7, and the common difference 3

(b) The first term -2, and the common difference -3

(c) The first term 7, and the common difference %

2 1
(d) The first term 3 and the common difference —=

% Challenge

In an arithmetic sequence, the sum of the 3™ and 7™ terms is 38, and the ratio
of the 4™ term to the 12t term is % Find the first term of this sequence and
the common difference.

Chapter 2 — Sequences
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Arithmetic Sequence (2)

Chapter 2 Sequences

2-3

MATHEMATICS

( )
m Learning Outcomes
Calculate the general term of an

arithmetic sequence, and find some
specific terms in it.

@ The general term a, of an arithmetic sequence {a,}is a + (n - 1)d

@ When finding the general term of an arithmetic sequence, first find the

first term a and the common difference d

o When the sequence a, b, cis an arithmetic sequence in this order: +d +d
i Consideringa,” b, 7c:
B I o A S .
i2b=(a+d)+(c—d)
\ )

=a+c

Solve the following problems.

n Find the general term of the arithmetic sequence {a ,} whose 3rd term is 10
and the 8th term is 50

a For the arithmetic sequence {a .} with the common difference 4 and the 8th
term 33, solve the following problems.

(a) Find which term numberis 113

(b) Find the first term number that is greater than 500

a When the 3 numbers x, 6, x2 form an arithmetic sequence in this order, find

the value of x

n Let the generaltermbea, =a+(n-1)d.
Sinceas =10,10=a+ (3 - 1)d. Simplifying this, 10=a + 2d. ...... (i)
Sinceag =50,50=a + (8- 1)d. Simplifying this,50=a + 7d. ...... (ii)
Solving (i) and (ii) as a system of equations, a= —6,d = 8
Therefore, the general termisa,= —6+(n—1) X 8

=8n—14 a,= 8n—14

Chapter 2 — Sequences
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a Let the general term of {a,} bea, =a+(n-1)d. 4 . First ind the generalterm

Since the common differenceis4andag =33,33=a+(8-1) x4

Solving this,a=5

Therefore, the general term of {a .} is a,= 5+ (n—1) X 4

a,=4n+1

(a) We need to find n such that a, = 113 113 = 4n+1 Solving this, n =28
Therefore, the 28th term.

(b) We need to find the smallest natural number n such that a,, > 500

4an+1 > SOOSolvingthis,n>4fig:124,75 .""""""'""""""""'-'é Convert to decimal to consider

Therefore, the 125th term.

a Sincex, 6, x? form an arithmetic sequence in this order:

2 X = X X2 @ ettt 2b=a+c

Solving this, x = —4,3

m ( A& Work with a partner)
Collaborate with your group to solve

. thet tion th i th

Solve the following problem:s. etry section then discuss the

answer.
n Find the general term of the following arithmetic sequences {a,,}.

(a) The first term is -5, the 17th term is 75
(b) The common difference is 3, the 16th term is 81

(c) The 6th term is 2, the 15th term is -25

a For the arithmetic sequence {a .} with first term 1 and common difference 3,
solve the following problems.
(a) Determine which term is 40

(b) Find the first term that is greater than 100

a When the 3 numbers x2, x, - 8 form an arithmetic sequence in this order, find

the value of x

Chapter 2 — Sequences
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Solve the following problems.
n Find the general term of the following arithmetic sequences {a}.
(@) The first term is 6, the 4th term is 18

b) The first term is 20, the 8th termis -1

¢) The first term is -8, the 8th term is 55

d) The first term is -18, the 10th term is 63

e) The common difference is 2, the 8th term is 4

f) The common difference is -4, the 5th term is -7

(
(
(
(
(
(g) The common difference is -7, the 6th term is -24
(h) The common difference is %, the 30th termis ?
(i) The 4th term is 14, the 10th term is 62

(j) The 3rd term is 30, the 10th termis 2

(k) The 10th term is 49, the 23rd term is 10

(

[) The 3rd term is 6, the 10th term is 62

a For the arithmetic sequence {a ,,} with the common difference -5 and the
13th term -7, solve the following problems.
(a) Determine which term is =52

(b) Find the first term that is smaller than =300

a For the arithmetic sequence {a ,,} where the 10th term is 20 and the 20th
term is =50, solve the following problems.
(a) Determine which term is -110

(b) Find the first term that is smaller than =500

n When the 3 numbers a, 6, 2a form an arithmetic sequence in this order, find

the value of a

a When the 3 numbers - 3, x, x? form an arithmetic sequence in this order, find

the value of x

% Challenge

When the 4 numbers 2, x, y, z form an arithmetic sequence in this order,
and 2x, y+1, z — y also form an arithmetic sequence in this order, find

the values ofx, y, z

Chapter 2 — Sequences
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Sum of Arithmetic Sequence (1)

Chapter 2 Sequences

2-4

MATHEMATICS

(
m Learning Outcomes

o In a sequence with n terms, nis called the number of terms , and the

Calculate the general term of an
arithmetic sequence.

Find some specific terms in an

last term is called the last term arithmetic sequence. Find the sum of
- an arithmetic sequence.

Let S, be the sum from the first term to the n—th term of an arithmetic ~

sequence.

When the first term is a, the last term is [, the number of terms is n,
1

Sn= 5n(a+l)

When the first termis a, the common difference is d, the number of termsis n,
Substitute [ = a + (n—1)d into the

1 :
Sn = 5n{2a + (n_l)d} N R R T T T T L .. . above formula.

° When the number of terms n is unknown, first find n using

l=a+(n-1)d

Solve the following problems.

n Find the sum of the following arithmetic sequences.

(a) The sum S; of a sequence with the first term 8, the last term 22, the number of
terms 7

(b) The sum S of a sequence with the first term 2, the common difference 3, the
last term 47

(c) The sum S ;3 of a sequence with the first term 20, the common difference -5,
the number of terms 13

(d) The sum S, from the first term to the n-th term of a sequence with the first
term 1, the common difference 4

n For the arithmetic sequence 90, 84, 78, ..., find the sum from the 10th term to

the 20th term.

Chapter 2 — Sequences
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Explanation

n (a)Sincea=8,1=22,n=7:
S; = %x7(8+22)
=105
(b) First find the number of terms. Let n be the number of terms.

Since the first termis 2, the common difference is 3, the last term is 47:

47 = 24(F—1) X 3@+ -+t

Solving this, n =16

S = %x16(2+47)

=392

(c)Sincea= 20,d= —-5,n=13:

Sis = % X 13{2 % 20 + (13 — 1) X (=5)}
=-130

(d) Sincea=1,d=4:

1
S, = En{z X 1+(n_1) XAY@ - v

1 1
=5n(2+4n—4) :En(4n—2)

=2n*—n

a The required sum can be calculated by S)o — So @ - - -+ - - oo oo

Sincea=90,d= —6:

Sy = % X 20{2 X 90 + (20 — 1) X (—6)} = 660

So = %x9{2><90+(9—1)><(—6)}:594

Therefore, 660 — 594 = 66

Solve the following problems.

n Find the sum of the following arithmetic sequences.

(a) The sum S, of a sequence with the first term 7, the last term 13, the number
of terms 10

(b) The sum S of a sequence with the first term 5, the common difference 3, the
last term 44

(c) The sum Sy, of a sequence with the first term - 6, the common difference 3,
the number of terms 12

(d) The sum S,, from the first term to the n-th term of a sequence with the first

term 2, the common difference -3

Chapter 2 — Sequences

l=a+(n-1)d

i Since the number of termsis n,

i evaluate the expression interms of n. :

D+ Azt g+ Qo . Fay |
e e\

Ss Required Sum

-
S20

( A& Work with a partner>

Collaborate with your group to solve

the try section then discuss the

answer.




2-4 — Sum of Arithmetic Sequence (1)

a For the arithmetic sequence with first term 48 and common difference -2,

* Challenge

find the sum from the 20th term to the 30th term For the arithmetic sequence 94, 89,

84, ..., find the sum of the odd terms
from the first term to the 11th term.

Solve the following problems.

n Find the sum of the following arithmetic sequences.

(a) The sum S, of sequence: the first term 3, the last term 21, the number of terms 10
(b) The sum S of sequence: the first term 5, the last term 33, the number of terms 8
(c) The sum S, of sequence: the first term 2, the last term 29, the number of terms 10
(d) The sum S of sequence: the first term 3, the common difference 4, last term 75

(e) The sum S of sequence: the first term 2, the common difference 5, last term 57

(f) The sum S of sequence: the first term 4, the common difference 3, last term 100
(g) The sum S;5: the first term 10, the common difference -3, the number of terms 15
(h) The sum S;: the first term -4, the common difference 4, the number of terms 11
(i) The sum S i5: the first term 3, the common difference 2, the number of terms 18

(j) The sum S,, from the first term to the n-th term: the first term 0, the common
difference 5

(k) The sum S, from the first term to the n-th term: the first term 3, the common
difference -4

(1) The sum S,, from the first term to the n-th term: the first term -4, the common
difference -2

a For the arithmetic sequence -9, -3, 3, ..., find the sum from the 11th term to the
20th term.

a For the arithmetic sequence with the first term =53 and the common difference
4, find the sum from the 10th term to the 25th term.

n For the arithmetic sequence 74, 69, 64, ..., find the sum from the 8th term to the

18th term.

Chapter 2 — Sequences
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Sum of Arithmetic Sequence (2)
(Sum of Natural Numbers)

MATHEMATICS Chapter 2 Sequences

r
m Learning Outcomes

Calculate the general term of an
arithmetic sequence.

Find some specific termsin an
arithmetic sequence.

Find the sum of an arithmetic
sequence (natural numbers).

2-5

Q Use arithmetic sequences for problems involving sums of natural

numbers or multiples.

o The sum S,, of an arithmetic sequence from the first term to the n—th

term is: When the first term is a, the last term is |, and the number of terms is
1
n:Sy,=-n(a+1)
2
When the first term is a, the common difference is d, and the number of
. 1
termsisn: S, = En{Za + (n—-1)d}

o When the number of terms n is unknown, first find n using

l=a+ (n-1)d
- W,

=

Find the following sums.

a The sum of natural numbers from 1 to 100
a The sum of natural numbers from 101 to 200

a The sum of multiples of 3 among 2-digit natural numbers.

Explanation
Write out the terms concretely and

n Since the required sSUMis 1+2+3+ ...+ 100 @ - - -« o e o eemeee e consider the first term, the last term,

Calculate the sum of an arithmetic sequence with the first term 1, and the number of terms.

the last term 100, and the number of terms 100

1
1+2+3+"'+100:EXlOO(lHOO)’ ..................................... Sn:%n(aﬂ)

5050

B Ssince the required sum is 101 +102 + 103 + ... + 200:

Calculate the sum of an arithmetic sequence with the first term 101,

There are 100 natural numbers from
the last term 200, and the numberofterms 100 ¢ .. ... ... ... ... ... ... ..... 5

1 101 to 200
101 + 102 + 103 + ... + 200 =§ x 100(101 + 200)

= 15050

Chapter 2 — Sequences
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a Since the required sumis 12+ 15 + 18 + ... + 99:

Calculate the sum of an arithmetic sequence with the first term 12,

the common difference 3, and the lastterm 99 @ - - - - - - oo oo LL

First, find the number of terms. Let n be the number of terms.
99=12+(n-1) x 3. Solving this, n =30

1
12+15+18 + ... + 99 = X 30(12 + 99)

1665

Find the following sums.

n The sum of natural numbers from 1 to 200

a The sum of natural numbers from 201 to 300

a The sum of all 2-digit natural numbers that are multiples of 5

n The sum of all 2-digit natural numbers that leave a remainder of 3 when

divided by 5

Find the following sums.

a The sum of natural numbers from 1 to 150

a The sum of natural numbers from 81 to 150

E) The sum of natural numbers from 301 to 400

n The sum of 2-digit natural numbers.

a The sum of 2-digit odd numbers.

n The sum of multiples of 4 from 1 to 100

The sum of all natural numbers from 1 to 100 that leave a remainder of 1
when divided by 4

n The sum of all multiples of 6 from 10 to 100

n The sum of all natural numbers from 10 to 100 that are not divisible by 6

% Challenge

Find The sum of numbers which are not divisible by 4 from 1 to 100

Chapter 2 — Sequences

Since the number of terms n is

---- unknown, find nusingl = a +

(n-1)d.

( A& Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.
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Sum of Arithmetic Sequence (3)

Chapter 2 Sequences
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MATHEMATICS

N [ )
m Learning Outcomes

Find the sum of an arithmetic

0 The sum S, of an arithmetic sequence from the first term to the n—th sequence. _
Determine the number of terms in an
termis: arithmetic sequence.
N\ J

When the first term is a, the last termis |, and the number of termsisn :

1
Sp=-n(a+1)

2
When the first term is a, the common difference is d, and the number of

1

termsisn: S, = zn{Za + (n—1)d}
0 To find the maximum value of the sum of an arithmetic sequence with a

negative common difference, calculate the sum of the positive terms .

Example: Arithmetic sequence with first term 11, common difference -3

11, 8, 5, 2, -1, —4, ..

The sum up to here is maximum.

Solve the following problems.

n In an arithmetic sequence with the first term 4 and the common difference 3,
find how many terms from the first term sum up to 50

a Find the general term of the arithmetic sequence {a ,} where the first termis
-60 and the sum from the first term to the 15th term is =60

a For an arithmetic sequence with the first term 65 and the common difference
-4, find the number of terms from the start that gives the maximum sum. Also,

find the corresponding sum.

Chapter 2 — Sequences
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n Assume the sum from the first term to the n-th term of an arithmetic
sequence with the first term 4 and the common difference 3 is 50

50 = %n{2x4+(n— 1) x 3}

Simplifying gives 3n? + 5n — 100 = 0

Solving this gives n= 5, —2—;. Since nis a natural number, the 5th term.

a Let d be the common difference of the required arithmetic sequence. o -

Since the first term is — 60 and the sum to the 15th term is - 60: '

60 :% X 15 {2 X (=60) + (15 — 1)d)

Solving this gives d= 8

Therefore, the general term is a,= —60+(n—1) X 8
Simplifying gives a,,= 8n—68

a The general term of this sequence is a,= 65+ (n—1) X (—4)

=—4n+ 69

69
Here, solving —4n+69 > 0 gives n < I: 17.25 @

In other words, terms from the first to the 17th are positive, and terms from the

18th onwards are negative. ®
Therefore, the sum up to the 17th term is maximum. the 17th term

Also, the sum at that time is the sum of an arithmetic sequence with the first term
65, the common difference —4, and the number of terms 17:

1
?x17{2x65+(17—1)x(—4)}=ﬂ

Solve the following problems.

n In an arithmetic sequence with the first term 17 and the common difference
-2, find how many terms from the first term sum up to —-63

a Find the general term of the arithmetic sequence {a ,} where the first termis
8 and the sum from the first term to the 13th term is —130

a For an arithmetic sequence with the first term 70 and the common difference
-4, find the number of terms from the start that gives the maximum sum. Also,
find the corresponding sum.

u Find the general term of the arithmetic sequence {a ,,} where the sum from
the first term to the 10th term is 10, and the sum from the first term to the 20th

term is 40

Chapter 2 — Sequences

4 )

Common
Mistakes

S, = %n{z x 65+ (11— 1) (—4)} >
0

You are solving for when the
sum is positive (Sn > 0)
instead of finding until which

term the sequence remains
positive (a, > 0).

To find the general term, you need
the first term a and the common

difference d.

Find up to which term the terms are
positive.
ay, dz, as, ..., a7, aig, A19; ...
N— —
positive terms negative terms

C && Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.
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Solve the following problems.

n Find n such that the sum of the first n terms of an arithmetic sequence with
the first term 3 and the common difference 2 is 63

a Find n such that the sum of the first n terms of an arithmetic sequence with
the first term 24 and the common difference -4 is -28

a Find the general term of the arithmetic sequence {a ,} with the first term 4
and the sum of the first 6 terms 114

n For a sequence with the first term 20, the common difference -6, find the
value of n that gives the maximum sum, and the corresponding sum.

a For a sequence with the first term 126, the common difference -13, find the
value of n that gives the maximum sum, and the corresponding sum.

a Find the general term of sequence {a ,} where the 3rd term 10 and the sum
of first 10 terms 175

Find the general term of {a ,} where sum of first 6 terms is 3 and the sum of
first 10 terms is 65

a Find the general term of {a ,} where sum of first 20 terms is 400 and the sum
of first 30 terms is 900

* Challenge

The 15™ term of the arithmetic sequence is 33 and the 50 term is 103. What
is the first 79 terms of the arithmetic sequence?

______________________________________________________________________________________________

"If the water level in a lake decreases by a fixed amount each day, how can

understanding arithmetic sequences help us predict when the water will run out?"

e

Chapter 2 — Sequences




2-7 — Geometric Sequence (1)

Geometric Sequence (1)

Chapter 2 Sequences

2-7

MATHEMATICS

Concept 2 - Geometric sequences

. . . ) E!PDNENY\_#L GROWTH; S”_IGLE E. coli TD MASSIVE COLONY IN BLOODSTREAM
Asingle E. coli bacterium enters a bloodstream. e wanm .
Learning Outcomes

Under ideal conditions, it does not just split e e

geometric sequence, and determine

into two; those two split into four, those four . L
certain termsin it.

split into eight, doubling every 20 minutes.

Within 24 hours, that single cell multiplies into

a colony numbering in the sextillions—

outnumbering the stars in the galaxy. This is the reality of geometric growth.
Guiding Question: How do processes with small starting values escalate rapidly, and

how can we mathematically predict their cumulative impact over time?

fm )

° A sequence obtained by successively multiplying each preceding term

by a constant number ris called a geometric sequence , and the constant

number ris called the common ratio .

Example: A geometric sequence with the first term 1 and the common ratio 2

1,92,94,7°8,°" 16, ...

0 The general term of a geometric sequence with the first term a and the ﬁ A

common ratio risa, = ar™l @ - - :
k ) - Multiplying a by r, (n—1) times results in a, :

e

Solve the following problems.

n Find the general term of the following geometric sequences {a,}.
(a) The first term 2, the common ratio 3

(b) 5, 10, 20, 40, ...

27
—4,6, =9, =, ..
(© >

a The following sequence is a geometric sequence. Find the common ratio and

the numbers that fit in the sequence below .

A, 24, 12, B, ...

Chapter 2 — Sequences
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(b) Let r be the common ratio. Since the first term is 5 and the 2nd term is 19:

5r =10

r=2

Therefore, since it is a geometric sequence with the first term 5 and the

common ratio 2:

a,=5x2"""1

(c) Let r be the common ratio. Since the first term is -4 and the 2nd term is 6:

—4r==6

3
F=—=
2

Therefore, since it is a geometric sequence with the first term — 4 and the

. 3
common ratio — 7:

3 n—1
a,= —4 X <—5) )

Use parentheses ( ) when the

i common ratio is a negative number

¢ orafraction.

a Let r be the required common ratio.

1
- ==

24r =12
2

Since A multiplied by % becomes 24:

Since 12 multiplied by

w241 =48
2
1 1
> becomes B: 12X—=6
2

1
Therefore, Common ratio: > A:48,B: 6

Chapter 2 — Sequences
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( A& Work witha partner)

Collaborate with your group to solve

Solve the following problems. the try section then discuss the

n Find the general term of the following geometric sequences {a,}. answer.

(a) The first term 3, the common ratio 4
(b) The first term 5, the common ratio - 2
(c) The first term 8, the common ratio - %
(d)2, 6, 18, 54, ...

(e) =8, 12, —18, 27, ...

2 2 2

2= =, =, ..
® 39 27

a The following sequence is a geometric sequence. Find the common ratio and

the numbers that fit in the sequence below .

A, —18, 6, B, ...

Solve the following problems.

n Find the general term of the following geometric sequences {a,}.

(a) The first term 5, the common ratio 2
(c) The first term 7, the common ratio 4
(e) The first term 3, the common ratio -5
(g) The first term 4, the common ratio %
(i) The first term 6, the common ratio %
(k) 2, —6, 18, —54, ...

(m) 48, 24, 12, 6, ...
(0)8, 16 V2, 64, 128 v/2, ...

(@9, =343, 3, —/3, ...

(b) The first term 2, the common ratio 5
(d) The first term 2, the common ratio -3
(f) The first term 4, the common ratio -2
(h) The first term 3, the common ratio - %
()3, 6, 12, 24, ...

(1) 5, =10, 20, —40, ...

113 9
(n) 6! Zs ga E9 oee
s, 1575375
|Y ) D) s 4 5 ) 5 eee
10 20 40
5 =, =, ——, ...
3°9 27

a The following sequences are geometric sequences. Find the common ratio

and the numbers that fitin A and B.
1 1

a)A, — B, ... (b)A, =, =,
(a)A, =3, 9, B, (b) 39

* Challenge

B, ...

1
C)A ——, =, B, ...
@A -7 3

1
4’

In an increasing geometric sequence, if az + as = 80 and a, = 24,then find a;.

Chapter 2 — Sequences
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Geometric Sequence (2)
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MATHEMATICS

( )
m Learning Outcomes
Calculate the general term of a
@ The general term of a geometric sequence with the first term a and the geometric sequence, and determine
certain terms in it.
common ratio ris a, = ar"!
" Consideringa, b, cb=ar c=ar’
0 When the sequence a, b, cis a geometric sequence in this order: ; :
. xr  Xr
D2 = QO @ - - L. ikt =(an =a’r ...u()
\_ ) ac=axar’=a’r’...(ii)

' From (i) and (ii), b* =ac

Solve the following problems.

n Find the general term of the following geometric sequences {a,}.
(a) The 4th term is 24, the 6th term is 96
(b) The 3rd term is 12, the 6th term is -96
a When the 3 numbers 2, x, 8 form a geometric sequence in this order, find the
value of x
a When the 3 numbers 6, a, b form an arithmetic sequence in this order, and

a, b, 16 form a geometric sequence in this order, find the values of a and b

Explanation

n (a) Let the general term be a,, = ar*™!

as =ar*! = ar?

Since the 4th term iS 24, ar3 =24....... (l). ................................. ]

Since the 6th term is 96, ar>=96. ...... (i) @ e A‘

ag = ar’t =ar

From (i) and (ii), a # 0, r # 0. Dividing (ii) by (i) gives:

ar’ 96

............................................................ Reduce the fraCtIOﬂ.

r*= 4 Therefore, r=+2
From (i), whenr=2,8a=24,so0a=3
Whenr=-2,-8a=24,so0a=-3

Therefore, @, =3%x2" L ora, = -3 x (-2)"""

Chapter 2 — Sequences
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(b) Let the generaltermbea, =ar"™!
Since the 3rd termis 12, ar? =12. ...... (i)
Since the 6th termis—96,ar®> =-96. ...... (ii)

From (i) and (ii), a#0, r#0. Dividing (ii) by (i) gives:

ar’ _ =9
ar2 12
r’=-8

Sincerisareal number,r=-2
Substitute thisinto (i):4a=12,s0a=3
Therefore, a,, =3x(-2)""!

a Since 2, x, 8 form a geometric sequence in this order, x? = 16
Solving this, x=%4.

a Since 6, a, bform an arithmetic sequence in this order,2a=6 +b. ...... (i)
Since a, b, 16 form a geometric sequence in this order, b2 = 16a. ...... (ii)
From (i),b=2a-6...... (i)'. Substituting this into (ii) and simplifying: 4a2 -
40a+36=0
Solving this,a=9, 1
From (i)', when a= 9, b= 12; whena=1,b=-4

Therefore, a=9,b=120ora=1,b=-4

m ( && Work with a partner)
Collaborate with your group to solve

the try section then discuss the

Solve the following problems.
answer.

n Find the general term of the following geometric sequences {a}.
(a) The 3rd termis 18, and the 5th term is 162
(b) The 2nd term is — 6, and the 5th term is 48

(c) The 3rd term is 12, and the 7th term is 192

a When the 3 numbers 1, x, 12 form a geometric sequence in this order, find the

value of x.

a When the 3 numbers -2, a, b form an arithmetic sequence in this order, and

a, b, 18 form a geometric sequence in this order, find the values of a and b.

Chapter 2 — Sequences
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Solve the following problems.
n Find the general term of the following geometric sequences {a,}.
(@) The 2nd term is 6, and the 4th term is 54
(b) The 3rd term is 27, and the 5th term is 243
(c) The 3rd term is - 28, and the 5th term is - 112
(d) The 2nd term is 14, and the 5th term is 112
(e) The 4th term is 16, and the 7th term is - 128
(f) The 3rd termis — 20, and the 6th term is 160.
(g) The 2nd term is 3, and the 6th term is 768.
(h) The 3rd term is 9, and the Tth term is %

2
(i) The 4th termis 5 and the 8th term is 18.

a When the 3 numbers 1, x, 25 form a geometric sequence in this order, find the

value of x.

1
a When the 3 numbers 5% 8 form a geometric sequence in this order, find

the value of x.

n When the 3 numbers a, b, 2 form an arithmetic sequence in this order, and

a, 2, b form a geometric sequence in this order, find the values of a and b.

* Challenge

Budgeting for a Green Energy Initiative

A corporate sustainability department is planning a 3-year budget to phase out
fossil fuels. They are tracking their yearly funding allocations across three
consecutive stages, modeled under two different economic forecasts:

Model 1 (Linear Expansion): Under steady conditions, the funding for Year 1 is
capped at -5 hundred thousand LE (initial infrastructure debt), followed by Year
2 (a) and Year 3 (b). These three numbers form an arithmetic sequence.

Model 2 (Compounding Scale): If a clean-energy breakthrough occurs, the
budget shifts gears. The allocations for Year 2 (a), Year 3 (b), and a newly
projected Year 4 budget of 45 hundred thousand LE form a geometric sequence.

Determine the exact budget values for a (Year 2) and b (Year 3) that satisfy both
planning models simultaneously so the company can transition smoothly.
. J
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Chapter 2 Sequences

MATHEMATICS

Sum of Geometric Sequence (1)

Solve the following problems.

n Find the sum S of the following geometric sequences.
(a) The first term 4, the common ratio 3, and the number of terms 5.
(b) The first term 8, the common ratio %, and the number of terms 6.
a Find the sum S,, from the first term to the n-th term of the following
geometric sequence.
2,-6,18,-54, ...

Explanation

n (a)Sincea= 4,r=3,n= 5:e
4(3° - 1)
3—-1
=23’ -1)

S =

= 484

1
-, n=

(b)Sincea = 8,r = 5

B D@ e

_2{1-(=3)"}
Sn = 1—(=3)
_1-(=3)"
B 2

Chapter 2 — Sequences

N\ e
m Learning Outcomes
. . . Calculate the sum of a geometric

° The sum S, of a geometric sequence with the first term a and the B Tyt
common ratio r from the first term to the n—th termis: \

When r # 1: Formula to use when the common

_pn
S, = a(l—r") L ratio ris less than 1
" 1-r
a(-1)
— ﬁ T I P Formula to use when the common
\ ) ratio r is greater than 1

Since the common ratio r is greater

than1,
a(r"-1)

r-1

useS, =

Since the common ratio ris less

Multiply numerator and

denominator by 2

i useS, =

i Since the common ratio ris less

{ thanl,

a(l-r")

1-r
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Solve the following problems.

a Find the sum S of the following geometric sequences.
(a) The first term 3, the common ratio 2, and the number of terms 5
(b) The first term 6, the common ratio - 2, and the number of terms 4

1
(c) The first term 6, the common ratio > and the number of terms 6

a Find the sum S, from the first term to the n-th term of the following

geometric sequences.
(a) The first term 3, the common ratio — 2
(b)8, —4,2, —1, ...

Solve the following problems.
n Find the sum S of the following geometric sequences.
(@) The first term 5, the common ratio 3, and the number of terms 4
b) The first term 1, the common ratio — 3, and the number of terms 4
¢) The first term 1, the common ratio %, and the number of terms 3

(

()

(d) The first term 3, the common ratio 2, and the number of terms 10
(e) The first term 2, the common ratio — 3, and the number of terms 6
(

f) The first term 1, the common ratio %, and the number of terms 8

a Find the sum S, from the first term to the n-th term of the following
geometric sequences.
(@) The first term 7, and the common ratio 2
(b) The first term 2, and the common ratio i
(c) 2, 6, 18, 54,
(d)1, —27, ...
(e) The first term 4, and the common ratio 2
(f) The first term 16, and the common ratio - %
)1,

(g -8, ..

% Challenge

An environmental tech company designs sequential water filters where each stage
traps a third of the remaining microplastics compared to the previous stage.

11
The filtration scale progresses geometrically: 3, 1, 39 ... mg/L removed per stage.

Calculate the total mass of contaminants removed if the system uses 4 filtration

stages in total.
\ J
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Sum of Geometric Sequence (2)

Chapter 2 Sequences
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MATHEMATICS

Learning Outcomes

Calculate the general term of a

Find the first term and common ratio of the following geometric sequences. BEOWEDE  SEEvEmeE, {ind - e
terms in it, and also the sum of all or

some of its terms.

n The sum from the first term to the 3rd term is 35, the sum from the 3rd term

to the 5th term is 140
a The sum from the first term to the 3rd term is 21, the sum from the first term

to the 6th term is 189

a The 3rd term is 4, the sum from the first term to the 3rd term is 7

n Let a be the first term and r be the common ratio.

Since the sum from the first term to the 3rd termis 35,a +ar+ar? =35. ...... (i)

Since the sum from the 3rd term to the 5th term is 140, ar? + ar3 + ar® = 140.. (ii)

F (i) 5 ( 2) ° Transform into a form where (i) can
rom II , r a + ar + ar e 140 ------------------------------------------- (
i be substituted.

Substitute (i) into this: 3512 = 140

Solving this, r = £2

When r = 2, from (i): a + 2a+4a = 35

Solving this, a =5

Whenr = =2, from (i):a — 2a + 4a = 35
. . 35

Solving this, a = T

. . . 35 .
Therefore, First term: 5, Common ratio: 2 or First term: —, Common ratio: —2
3

a Let a be the first term and r be the common ratio.
Since the sum from the first term to the 3rd termis 21, a + ar+ar? =21. ...... (i)

Since the sum from the first term to the 6th term is 189, a + ar + ar® + ar® + ar® +

ar® =189. ...... (ii)

From(ii),(a+ar+ar2)+r3(a+ar+ar2):189o------------------------------§ , .
: Transform into a form where (i) can

Substitute (i) into this: 21 + 21r° = 189 - be substituted.

Solving this in the real number range, r = 2
From (i), a + 2a + 4a = 21

Solving this, a = 3 Therefore, First term: 3, Common ratio: 2

Chapter 2 — Sequences
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a Let a be the first term and r be the common ratio.
Since the 3rd termis 4, ar? =4. ...... (i)
Since the sum from the first term to the 3rd termis 7,a +ar+ar? =7. ...... (ii)

4
Since r;ﬁ 0, from (i), a = =

. 4 4 4
Substitute this into (ii): — + — xr+ = X r’="7e
roor r

4+ 4r +4r* =717
2

Solving this, r=2, - ?
When r=2, from (i), 4a=4
Solving this,a=1

2 4
r=-—,from (i), —a=4

3 9
Solving this,a=9

2
Therefore, First term: 1, Common ratio: 2 or First term: 9, Common ratio: - ?

m ( A& Work witha partner)
Collaborate with your group to solve

the try section then discuss the

Find the first term and common ratio of the following geometric sequences.
answer.

n The sum from the first to the 3rd term is 21, and the sum from the 3rd to the
5th term is 84

a The sum from the first to the 3rd term is 26, and the sum from the first to the
6th termis 728

a The 2nd term is 3, and the sum from the first to the 3rd termis 13

Find the first term and common ratio of the following geometric sequences.

n The sum from the first to the 3rd term is 9, and the sum from the 4th to the
6th termis-72

a The sum from the first to the 3rd term is 9, and the sum from the 3rd to the
5th term is 36

a The sum from the first to the 3rd term is 78, and the sum from the 3rd to the
5th termis 702

n The sum of the first and the 2nd terms is 3, and the sum from the first to the
4th termis 51

a The sum from the first to the 3rd term is 65, and the sum from the first to the

6th term is 1820

Chapter 2 — Sequences
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a The sum of the first and the 2nd terms is — 8, and the sum from the first to the
4th termis - 80

The 2nd term is 6, and the sum from the first to the 3rd termis 21

a The 3rd termis 12, and the sum from the first to the 3rd term is 9

a The 3rd term is 20, and the sum from the first to the 3rd term is 35

 * Challenge

If S, is the sum of the first n terms of the geometric sequence such that
Sg = 255, SG =63 and ag—a; = 64, find ajo.

How does changing the common ratio r from a value greater than 1 to a value
between 0 and 1 fundamentally alter the real-world behavior modeled by a

geometric sequence?

e e
e ___ 4
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MATHEMATICS

Concept 3 - Summation

. . (
|n enVIronmental bIOlogy’ foreSt recovery SIMPLE SAPLINGS PLANTING DROUGHT PRESSURE -
. Learning Outcomes

follows a dual-force mathematical o
pattern. Following a wildfire, O Use the summation symbol to

L . i e ‘.[!\ represent mathematical sequences
conservationists plant 200 saplings. To \ﬂ‘& ﬁ =z Y f and calculate their values in different
accelerate restoration, they scale up i ii 2 2 siﬂu sequences.

i ‘5‘\ »Qﬁ N /

efforts, adding 100 more saplings to the
quota each consecutive year (a linear,
arithmetic progression: 200, 300, 400...). Concurrently, natural pressures like drought take
a toll: only 60% of the trees survive from one year to the next (an exponential, geometric
decay with a ratio of 0.6).

Calculating the total surviving population after a decade requires tracking how each
year's expanding planting cycle continuously decays. Mathematics simplifies this
overlapping process through summation notation, providing a unified framework to
analyze simultaneous linear growth and exponential decay.

Guiding Question: How can we simplify operations on sequences, such as

multiplying terms or adding nested sums, to find a clear algebraic formula?

fm )

0 For a sequence where the n—th term (general term) is a,,, the sum from

the 1st term to the n-th term is expressed as

Zn ax The sum from the first to the 4th
k=1 4 term of a sequence with the general
Example: Z Th=T74144+21 +28 @ - -+ - - - v B
k=1 term 7n.

Example: The sum from the first to the 8th term of a sequence with the n-th

term (general term) 3n: Z 3k IR R T TN I T AP P Changento k.

L | k=1

Solve the following problems.

n Write the sums of the following sequences in the form of a sum of terms

without using 2.

5 3 4 3
@ 2%k ( > (-3 (@© L3* @ X2

k=1 k=1 k=1 k=1
a Express the following expressions using the summation symbol %.

@)3+7+11+...+@ln-1) (b) 62+7%+8%+ ... + 152

Chapter 2 — Sequences




2-11 — Summation Symbol X (1)

(a) Substitute k=1, 2, 3, 4, 5into 2k and write them as terms in a sum.

5
S 2k=24+4+6+8+10
k=1

(b) Substitute k=1, 2, 3into k2-3 and write them as terms in a sum.

3
S (k*=3)=—2+1+6
k=1

(c) Substitute k=1, 2, 3, 4 into 3* and write them as terms in a sum.

4
> 3k=349+27+81
k=1

(d) The sequence where the n-th term is represented by 2is 2, 2, 2, ...

3
> 2=2+2+2
k=1

(a) For problems where the last term is expressed as an expression in terms of n,
just change n to k and write it inside %.
(Below X is k=1, aboveis n)

S (4k—1)

k=1
(b) To express with the symbol Z, you need the general term a, and the index of

the last term.
First, find the general term. The general termisa, =(n+5)2.
Find the index of the last term. 152 is the 10th term.
Therefore,

10
S (k+5)
k=1

m ( A& Work with a partner)
Collaborate with your group to solve

the try section then discuss the

Solve the following problems.

answer.

n Write the sums of the following sequences in the form of a sum of terms

without using .
5

(@ > (k+1) (b) 23: (3k*+2) © 24: 2k @@ > 3
k=1 k=1 k=1 k=1
a Express the following expressions using the summation symbol Z.
(@5+8+11+..+(Bn+2)
(b) The sum from the 1st to the n-th term of the sequence a,= 2n + 1
(c) 42452462+ ... + 132

(d)2+5+8+...+29

Chapter 2 — Sequences




2-11 — Summation Symbol X (1)

Solve the following problems.
n Write the sums of the following sequences in the form of a sum of terms

without using 2.

@ 3 3k b S @h-2)  © ¥ @k=3 (@ XK
k=1 k=1 k=1 k=1

(e) fj (2k2+3) 63) fj (k*—2k) (g) fj 3k (h) fj (5+3)
k=1 k=1 k=1 k=1

M Y @-3) G > © 33 O 3 4
k=1 k=1 k=1 k=1

a Express the following expressions using the summation symbol X.
(@1+3+4+5+...+(2n-1)
b)14+74+25+79+...+(3"=2)
(1+24+4+8+4..+2""!
(d) The sum from the 1st to the n-th term of sequence a,= 7n—1
(e) The sum from the 1st to the n-th term of sequence a,= 4n+5
(f) The sum from the 1st to the n-th term of sequence a,,= 3n—2
(g) 724+8°49%+ ... + 217
(h) 12°413%4+14%+ ... 4+ 187
(i) 10°4+11%+12%+ ... + 20%
()8 +16+424+ ... 456
(KY7+134+19+ ...+ 73

H4+9+14+...4+119

% Challenge

A green-tech startup is expanding its network of solar-powered charging stations
across a metropolitan area. A startup installs 1 solar panel in (Week 1), 4 in (Week
2), 7 in (Week 3), and (3n - 2) panels in (Week n). Write a single mathematical
expression using the summation symbol ¥ to represent the total cumulative
panels installed from Week 1 through Week n.

Chapter 2 — Sequences




2-12 — Summation Symbol X (2)

Summation Symbol > (2)

Chapter 2 Sequences

2-12

MATHEMATICS

Learning Outcomes

Use the summation symbol to
represent mathematical sequences
and calculate their values in different

@ rormulas for Summation Symbol £ sequences.
& J
n n 1
> ¢ =mnc(cisaconstant) > k= =n(n+l)
k=1 k=1 2
n 1
S k= 6n(n+1)(2n+1)

=
Il
=N

G Properties of Summation Symbol X (where p is a constant independent

of k)
M pa=p > a Example: Y 5k=5>k
k=1 k=1 k=1 k=1

n n n n n n
No(ak+b) = ak+Y. b Example: > (K*+4)= > k*+> 4
k=1 k=1 k=1 k=1 k=1 k=1

S (@ —b)=> ax=> by Example:> 2k=3)=23 k—3"3
k=1 k=1

k=1 k=1 k=1 k=1

. J

Find the following sums.

n

@ 3 (-3 ®) > (5k+4)

k=1 k=1
4
() 1x3+2x8+3%x13+..+n(5n-2) @ > (2k-1)

k=1

Explanation

@ 3 (-3)
k=1

=-3n

Chapter 2 — Sequences




2-12 — Summation Symbol X (2)

® 3 (5k+4)

k=1
n n
=5 k+> 4 :
k=1 k=1 i Do not expand the parentheses;
1 ¢ factor out the fraction and common
=5X% En(n +1)+4n @ -  factor.
1 1
= En{S (n+1)+8}= En(Sn +13)
(c) I1X34+2X8+3X13 4 ...4+N(51 —2) @ --cccmcmmmmmaaaaaa i Write using summation notation
n
S N 76 220 h ;
k=1 : Expand the expression inside the
o T summation.
= > (5k*—2k)
k=1
n n
=5y k*-2Yk
k=1 k=1

1 1
= ngn(n+1)(2n+1)—2>< 5n(n+1)
Do not expand the parentheses;

En(n +1DRR+D) =R+ 1)@ - factor out the fraction and common
6 . factor.

%n(n + 1){5(2n +1) — 6}

én(n +1)(10n — 1)

4

@ X k-1
k=1
4 4
- 2k—1 k _k;l Do Substitute 4 for n in the formula.

=2><%><4(4+1)—4

=16

( A& Work with a partner)

Collaborate with your group to solve

the try section then discuss the

Find the following sums. answer.

n

@ Y 3 ® > k-3

k=1 k=1

© S k=DGBk=1) (d) 1X3+2X5+3X7+..+n(2n+1)
k=1

(e > (3k—2)

k=1

Chapter 2 — Sequences




2-12 — Summation Symbol X (2)

Find the following sums.
n

@ > 6
k=1

b > 9

k=1

© X

k=1

- 1

@ Y (k-1
k=1

€ 3 (k+2)
k=1

@ > (6k—3)
k=1

® X k(k-2)

k=1

m 3
k=1
=1

k(2k —2)

0 > k-1’

k

() 1X44+2X5+3%X6+...+n(n+3)
k) 1x5+2%x8+3x11+..+n(Bn+2)

(1) 2X5+3%X6+4X7+...+(n+1)(n+4)
20

(m) > (2k-7)
k=1

(n) i (4k +5)

k=1

10
(0) > (2k-1)
k=1

% Challenge

Find the following sum:

Chapter 2 — Sequences H




2-13 — Summation Symbol X (3)

Summation Symbol = (3)

Chapter 2 Sequences

2-13

MATHEMATICS

4 N [ 3
m Learning Outcomes

Use the summation symbol to

@ rormulas for Summation Symbol represent mathematical ~sequences
" 1 and calculate their values in different
S k= {En(n e ) sequences.
k=1

@ sum of geometric sequence

n . . . - -} --- Remember as “the square of
3~ ar=!is the sum from the first term to the n—th term of a geometric

k=1 PO
sequence with the first term a and the common ratio r, so: L k=t
4 a(l—r") c a(r'—1)
Whenr<1, Zark‘1=T Whenr>1, Ear"*:T

k=1 k=1

° A sequence expressed as a, = r"~! can be rewrittenasa, =1xr""1,so
it is a geometric sequence with the first term 1 and the common ratio r.
Example: a,= 4"}
=1x4""1 First term: 1, Common ratio: 4
° A sequence expressed as a, = " can be rewrittenasa, = r x ¥, so it
is a geometric sequence with the first term r and the common ratio r.

Example: a,= 4"

Find the following sums.

@ S KE+D) ) 3 2x(=3) (@ 3 4

k=1 k=1 k=1

Explanation
Expand the expression inside the

(@) D0 K2KL) @ - cn e

k=1 i summation.

= ¥ (K + k%)
k=1

=4 x4""! First term: 4, Common ratio: 4

1 1
= {En(n+1)}2 + gn(n+1)(2n+1) _
Do not expand the parentheses;

— lnz (n+1)2 + 1n(n+1)(2n+1) @ --ccceeeeeeeeeeeeiiteceeceeeecceeaaeaaan factor out the fraction and common
4 6

factor.

_ %n(n+1){3n(n+1) +2(2n+1)}

Chapter 2 — Sequences




2-13 — Summation Symbol X (3)

1
= SA(MALBHTRA2) @ - coooeeeee oo
e Factorise if possible.
=55 (n+1)(n+2)(3n+1)
" k.—l &4 k . !
_ @ - e
(b) El 2x ( 3) (c) k;l 4 . First term: 2, Common ratio: - 3
2{1 — (=3)" n
_ 20 -3 =3 4x4-1l@--ceciiann, :
1 - (_3) k=1 :
_ 2131 _ 44 -1 e EEEEE Write in the form ar"".
N 4 T o4-1
_1—(=3)" 44" -1) :
2 3 e First term: 4, Common ratio: 4
| Tyl é
C“ Work with a partner)
Find the following sums. Collaborate with your group to solve
" " the try section then discuss the
@ Y K(k-2) (b)) > 3x (=2 G
k=1 k=1
n X n k -
() > 41 @ > (=9
k=1 k=1

Find the following sums.

@ Y k(-1 () 3 Kk+2)
k=1

k=1

© Y k(+2) @ 3 Kk-3)

k=1 k=1

@© 3 6x31 @ 3 2x (-1
k=1 k=1

@ S 4x2 () 3 8x (=3
k=1 k=1
n 4

i Y 3! G X 2!
k=1 k=1

® S @ 33
k=1

k=1

m) 3 (-3) m 3 2

k=1 k=1
(© 3 2 ® 3 -3
k=1 k=1

% Challenge

Find the following sum:

Zg 2r+7)

r=5

Chapter 2 — Sequences
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Sum of Fractional Sequences

Chapter 2 Sequences

2-14

MATHEMATICS

m Learning Outcomes
Calculate the sum of fractional

sequences using fraction
decomposition.

(

@ steps to Find the Sum of Fractional Sequences.

@ Transform each term using the following formula.

11 (11 Example L L(1_1
ab b—al\a b XAMPE X107 6\3 " 10

@ Cancel out the terms that sum to zero and calculate the remaining

parts.
For sequences containing v in the denominator, first

rationalize the denominator .

When the sum of a sequence containing fractions or v is expressed using

summation notation X, rewrite it into the form of a sum of terms .
\ J

E

Find the following sums.

@ty ®)3 ‘/—1 T
2X5 5x8  8x11 " (3n—1)(3n+2) =1 Vk+2+ v+l
Explanation
Transform each term using the
(a) 1 + 1 + 1 + + 1 @ -t formula
2Xx5 5x8 8x11  (3n—-1)(3n+2)
1/1 1 + 1/1 1 + 1/1 1 + 1 1 1 o )
3\2 5/ 3\5 8/ 3\8 11/ 7 3\3n-1 3n+2 Factor out
_ 1{ 1 1 + 1 1 + 1 1 - 1 1 1o
S 3\2 5 5 8 8 11) " \3n-1 3n+2 :
: Cancel out the terms that sum to
1/1 1 e o
P <_ _ ) zero and calculate the remaining
3\2 3n+2 parts.
_ n
© 2(3n+2)

Chapter 2 — Sequences




2-14 — Sum of Fractional Sequences

(b) Z L e
1 VEK+2+ VEk+1 First rationalize the denominator.

B f: VK2 — VEk+1 5
& (VER2+ VED) (VE+2 - VE+D)
S Vk+2— Vk+1
- (k+2)— (k+1)

n Rewrite in the form of a sum of
=3 ( Vk+2 — \/k—+1) O e terms.

k

l
—

(V3 —v3) + (VA —v3) + (V5 —va) + (V6 — V) ..+ (VT3 — VrFD)e |

Cancel out the terms that sum to

zero and calculate the remaining

= Vn+2— V2 parts.

e N
m C A& Work with a partner)
Collaborate with your group to solve

the try section then discuss the

Find the following sums.
answer.

@) 1 + 1 + 1 - 1 \ y,
2X3 3x4 4x5 7 (n+l)(n+2)
1 1 1 1
b 3+ 35 T st Y e e
(c) ! + ! + L + ...+ !
4x6 5x7 6%x8 T (n+3)(n+5)
(d)
Z \/k+ + vk

Solve the following problems.

a Find the following sums.

UM L S
1x2 2x3 3x4 7 n(n+l)

(a)

LR S SN
2x4 " 4x6  6x8 T 2n(2n+2)

(b)

1 N 1 N 1 - 1
1x3 2x4 3x5 7 nn+2)

(©)

(d)z \/_+\/—
- L 1 L !
V2+ V3 B+ VA VA5 Vndl+ Vit

Chapter 2 — Sequences




2-14 — Sum of Fractional Sequences

n Find the following sums.

(a) ! + ! + - +..+ !
a e TT—m——
3xX4 4X5 5%X6 (n+2)(n+3)

(b) : + . + 1 +...+ !

1x4 4x7 7x10 7 (3n—=2)(3n+1)
(©) ! + 1 + 1 +...+ L

1x7 4x10 7x13 7 (3n—2)(3n+4)
@Y :

=1 V2k=1+ /2k+1

1 1 1 1

O T e i A AT e v

* Challenge

Find with steps

Chapter 2 — Sequences




2-15 — Sum of (Arithmetic Sequence) x (Geometric Sequence)

Sum of (Arithmetic

2-15

MATHEMATICS Chapter 2 Sequences

Sequence)x(Geometric Sequence)

\_
Find the following sum S

S=3X1+5%X3+7Xx32+9x33+...+@2n+1)x3"1!

Explanation

The sum to be found is the sum of (Arithmetic sequence with first term 3, the

common difference 2) x (Geometric sequence with the first term 1, the common
S=3X14+5X3+7X3+9Ix3+...+C2n+1)x3"! R

Multiply both sides by the common ratio 3 of the geometric sequence.

3 =3X3+5%X32+7x3349x 3%+ ... + 2n+1) x 3"

Subtract the sides of the two equations. ®

S=3X1+5X3+7%x3%2+9x3%+...+(2n+1)x 3"}

[ ]
-) 38 = 3X3+5%x3+7x3%+...+(2n-1)x3" + (2n+1) x 3"

—2S=3X14+2X3+2%x32+2x33+ ... +2x 3"} —(2n+1) x 3"
[ ]
23" -1 :
—25=3+ %—2—(2n+1)x3” e

—2S=3"—(2n+ 1) x 3"

—2S=-2nx3"® '

S

Find the following sum S

n x 3"

S=2X14+3X3+4%X3?+5%x33+...+(n+1)x3*!

Chapter 2 — Sequences

4 N [ )
m Learning Outcomes
Find the sum of the product of an
@ ror the sum S of (an arithmetic sequence) x (a geometric sequence with :;';:;"ne:éc sequence and a geometric
the common ratio r), use S-rS ~ 7
) (

Common

Mistakes

S=3x14+5x3+7x3%+
IX3 4. +2n+1)x3"!
—)38 =3%x3+5%x3%+7
x3¥+ .. +2n-1)x3"!
+(n+1)x3"

25 =3X1+
2X3+2x32+2x33+...+2
x3"l 1 (2n4+1)x3"

You forgot to change the sign
of the last term to minus when
subtracting 3S from S.

Use S —rS.

Write the equations so that the
powers of the common ratio align

vertically.

Supplement terms to make
subtraction easier.

The sum from the 2nd term to the n-
th term of a geometric sequence
with first term 2, common ratio 3.
(The sum from the first term to the
n-th term The first term)

Divide both sides by -2 Watch the '-'
sign.

~N

( A& Work witha partner)

Collaborate with your group to solve

the try section then discuss the

answer.

&




2-15 — Sum of (Arithmetic Sequence) x (Geometric Sequence)

Find the following sums S

BY s=1x1+2%x2+3%x22+4x 2% + . 4nx 2"

B) 5 =1%3+3%x3245x3%+7x 3%+ .. + (2n-1) x 3"

% Challenge

Find the followingsum5,5+9,5+9+13,5+9+13+17,........

Chapter 2 — Sequences




2-16 — Sequence where General Term is a Sum

2-16

Sum

MATHEMATICS Chapter 2 Sequences

Sequence where General Term is a

4 )

Q Calculate the k-th term of a sequence where each term is expressed as a

sum using summation notation 2.

. J

Solve the following problems for the sequence 3, 3+5, 3+5+7, 3+5+7+9, ...

(a) Find the k-th term.

(b) Find the sum from the first term to the n-th term.

(a) The k—th term of this sequenceis: @ - - - - - -« ccoemia

A= 34+54+ 7+ i+ Rk+]1) @ - coe oo
2% S+
Calculating this gives aj = k (k+2)
(b) From (a), the sum S,, from the first term to the n—th termis: ® - - --- - - .
Su=3 k(k+2) :
k=1 .

n 1
= kg (K*42k) = gn(n+1)(2n+1) +2X En(n +1)

Calculating this gives S, = %n(n+1)(2n+7)

Solve the following problems for the sequence 1, 143, 1+3+5, 14+3+5+7, ...
n Find the k-th term.

n Find the sum from the first term to the n-th term.

Chapter 2 — Sequences

Learning Outcomes

Deduce the sum of a sequence when
its general term is expressed as the
sum of some of its terms, and connect
the sum of the sequence with its
general term.

Create a formula considering the

regularity.

Calculate using summation notation Z.

Since it is the sum from the first
term to the k—th term, we use the

variable i.

n
Put gy insideX. S, =Y a;
k=1

( A& Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.




2-16 — Sequence where General Term is a Sum

Solve the following problems.
n Solve the following problems for the sequence 1, 1+ 5,1+ 5+9,1+5+9+13, ..
(a) Find the k-th term.

(b) Find the sum from the first term to the n-th term.

a Solve the following problems for the sequence 2, 2+ 4,2+ 4+ 6,2+ 4+ 6+38, ..
(a) Find the k-th term.

(b) Find the sum from the first term to the n—th term.

% Challenge

Find the general term of the sequence {a,} where the sum of the first n terms is
given by the formula S,, = 2n* + 5n

Chapter 2 — Sequences




2-17 — Sum of Sequence and General Term

Sum of Sequence and General Term

Chapter 2 Sequences

2-17

MATHEMATICS

0 Let S, be the sum from the first term a; to the n—th term of the

Learning Outcomes

Deduce the sum of a sequence when
its general term is expressed as the
sum of some of its terms, and connect
the sum of the sequence with its

sequence {an}- general term.

Whenm =2, @, =8, — Snol. @ --cccmmmmaa e,

a+a,+az+...+a,, +a,

Y

The firsttermisa; = S;.

° Check if an obtained under the condition n = 2 also holds for the first . .J.-. S
Sn

term by substituting n= 1 into the formula for a,.

Ifit holds = Keep a, as is.
If it does not hold = Write both a; and a,,.
Example: If a, found by S, — S,_1 isa,= 2n*-2n+1....... i),

and a; found from S; isa;=0...... (i), substituting n= 1 into (i) gives a,=1,

Ve

which does not hold. Common
Therefore, the general termis a; =0,and a, =2n*? -2n +1whenn=>2. Mistakes

\ J ap =Sy — Sp—1

= (n>=3n) —{(n—1)* -
: 3(n—-1D}=2n-4

Therefore, the general term is
Find the general term of the sequence {a,} where the sum Sn from the first term a, = 2n—4

~

Yi k h
to the n—th term is given by the following formulas. v _Overloo ed _t ¢
prerequisite n > 2 and failed

(a) S, = n*—3n (b) S,= 5"—1 to  perform  the  final
verification forn = 1

F \ y,
Explanation

Deduction if not written.

(@A Whenp =2, @ -----r-rrrmmossmmossmooosm s

a, = Sn - Sn—l Sn_—l — (n__l)z _3(n__1)
= (n?=3n) — {(n—1) =3 (n — 1)} =2n—4....(»0)

Thefirsttermisa; = S; @ ----vnmmmmmmmm L Deduction if not written.
=1°-3x1 =—2......(i0)

From (i) and (ii), a,= 2n—4 also holdswhenn =1 ® ------------ccc----coon- Deduction if not written.

Therefore, the general term is a,= 2n—4 Check by substituting n = 1 into

formula (i).

Chapter 2 — Sequences




2-17 — Sum of Sequence and General Term

(b)Whenn =2, ®-----ccremcrremmmrre e
a,=S,— S

=(5"-1) = (""=1)

The firsttermisSa; =7 @ - === !

=5-1 =4..... (i)

From (i) and (ii), a,=4 x 5" ! alsoholdswhenn=1@--------cceemoooa... !

Therefore, the general termis a,, = 4 x 57!

Find the general term of the sequence {a,} where the sum S,, from the first term

Deduction if not written.

Deduction if not written.

to the n-th term is given by the following formulas.

n S,=2n+5n
a S,=3"-1

a S,=n*+2n+6

Find the general term of the sequence {a,} where the sum S,, from the first term
to the n-th term is given by the following formulas.

n S,=n?

a S,=n%-4n

a S,=n?+2n-1

B s -2

% Challenge

Find the general term of the sequence {ax} where the sum Sy, from the first term
to the n—th term is given by the following formulas.

S,=3""_2n+1

Reflect

How did breaking down a complex, combined sequence (AGS) into its simpler parts
(arithmetic and geometric components) change your perspective on tackling
intimidating multi-step problems in life or science?

,___________________
e 4

Chapter 2 — Sequences

.

(“ Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.
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Difference Sequences

Chapter 2 Sequences

2-18

MATHEMATICS

Concept 4 - Advanced sequences

Consider how a single viral cell reproduces " femeemontamismea P

= P —

inside a host, or how a public health & B

EPIDEMIC SPREAD TRACKING

department tracks th d of an epidemic. %, 4
epartment tracks the spread of an epidemic g _.@ "ﬂ*
OnDay 1, maybe 2 people areinfected. On  —u. il oML o

e m—

Day 2, 5 people. On Day 3, 10

people. On Day 4, 17 people. If you look closely at the changes day by day, the virus
isn’t spreading at a constant speed, but the acceleration of the spread follows a
predictable, hidden pattern. By analyzing these layers of changes, epidemiologists can
predict peak infection rates and allocate hospital resources effectively.

Guiding Question: How can we discover a hidden, constant pattern in a sequence of

numbers when the initial differences between them keep changing?

fm )
° A sequence formed by the differences between adjacent terms is called

a difference sequence .

Example: The difference sequence of 10, 8,4, -2, -10, ... is -2, -4, -6, -8, ...
° For sequences where the general term is difficult to estimate, it can

sometimes be found from the first term and the difference sequence.
n-1
Whenn > 2, an=al+2bk0 ......................................
k=1

Check if it holds for n = 1 by substituting n= 1 into the formula for a,

and seeing if it equals the given a;.

\. J

Chapter 2 — Sequences

. g

Learning Outcomes

Finds the general term using
difference sequences.

ay, Az, Az, ..., Ap—1, Ay
Vv Vv %4

by b, by

an = a1+ b1 + ba+... +bn—1




2-18 — Difference Sequences

Find the general term of the following sequences {a,}.

n 2, 5,12, 23, 38, 57, ...
a 2,3, 6, 15, 42, 123, ...

n Let {b,} be the difference sequence of the given sequence.e - - .. ... ..........
{a,}:2,5,12,23,38,57, ...
{b,}:3,7,11,15,19, ...

Since {b , }is an arithmetic sequence with the first term 3 and the common difference 4:

Common

Mistakes

n—1

an=a1+ ) bk
k=1

n—1

=2+ (4k—1)
k=1

1
:2+4x5><n(n+1)—n
=2+2n*+2n—-n

=2n’+n+2

You missed replacing all
instances of n with n — 1 in

the formula.
\_

“ & Deduction if not written.

b,=3+(n-1)x4
=4n-1

Therefore’ whenn > 2, @ -t r s

n—1

ap=a;+ > b
k=1

n—1 . 1

=2+ (4k-1)e- - -: =2+4+4X 5(n—1){(n—1)+1}—(n—1)
k=1

=2+2n(n-1)—-(n-1) =2+4+2n*’-2n—-n+1 =2n’-3n+3

This formula also holdswhenn=1@- - -«

Therefore, a, =2n? -3n+3

.........

Chapter 2 — Sequences

Deduction if not written.

Use the formula noting that it is the
sum up to the (n-1)-th term.

Z(4k—1)=4x%n(n +1)-n

k=1

Deduction if not written.

Be sure to substitute n = 1 into the
derived formula for a, to confirm it
equals the given a;. al= 2 X

1’-3X1+3=2




2-18 — Difference Sequences

a Let {b,} be the difference sequence of the given sequence. @. . - . ... . ... ... 0. !

{a,}:2,3,6,15,42,123, ...
{bn}:1,3,9,27,81,...

Since {b,}is a geometric sequence with the first term 1 and the common ratio 3: -

Therefore, when n > 2, L R R T T S -

n—1

a, =a;+ >, by
k=1

n—1 n—1 n—1 n—1
-1 4 -1
=2+ 1x3kle. . = a4 1 _ 443 3+
= : 3—-1 2 2

ThlS formula alSO holds When N1 @ - c e e

Deduction if not written.

This form is fine since X will be used.

Deduction if not written.

Use the formula noting that it is the

sum up to the (n-1)-th term.

z 3n-1
le3k—l:
k=1 3-1

377143

Therefore, a,, =

Find the general term of the following sequences {a,}.

(a) 2, 10, 24, 44, 70, 102, ...  (b) 5, 7, 11, 19, 35, ...

Find the general term of the following sequences {a,}.
(@) 1, 2, 5, 14, 41, 122, ... (b)5,8,9,8,5,0, ...
(©)2, 3,1, 5, -3, 13, ... (d) 1, 6, 15, 28, 45, 66, ...

(e) Ss 49 7’ _2, 25, —56, .ee

% Challenge

An oncology team monitors a tissue mass over six weeks and records its volume
mm3as :1, 3, 7, 13, 21, 31, ....find its general formula ax. If volume exceeds
130 mm?3 by week 12, immediate surgery is required. Calculate a;, to determine
if the patient needs surgery.

Chapter 2 — Sequences

Deduction if not written.

(“ Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.
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Group Sequences

Chapter 2 Sequences

2-19

MATHEMATICS

Divide the sequence of natural numbers into groups as shown below. Solve the
following problems.

2|4,6,8]10,12, 14, 16,18 20,22, ...

a Find the first term of the 10th group.
a Find the sum of the terms included in the n-th group.
a Find which group and which position 88 is in.

Explanation

Let {a,} be the sequence before grouping. Since it is an arithmetic sequence with
the first term 2 and the common difference 2,a, =2n
Let {b,} be the sequence of the number of terms in each group. Since itis an

arithmetic sequence with the first term 1 and the common difference 2, b, =2n-1

the 1stgroup the2nd group  the 3rd group
{a,} 2 | 4, 6, 8 | 10, 12, 14, 16, 18 120, 22, ...® -
{bn} 1 3 S@ - - st

n Find the first term of the 10th group by finding what position the last term of

the 9th groupisin{a,}.

the 9th group  the 10th group
2 | 4,6,8 |10, 12, 14, 16, 18] ...|...,90l0, ...
oneterm threeterms five terms

The sum of the number of terms up to the 9th group is:

1
5><9><{2><1_|_(9_1))(2’}:81. ......................................

Therefore, since the first term of the 10th group is the 82nd term of {a . }:

22X B2 B4 @ « o

Chapter 2 — Sequences

' )
m Learning Outcomes
) ) Solve various problems by dividing the
0 For group sequences, consider the regularity of the sequence before sequence into groups to find a specific
. . . . term or the sum of a particular group
grouping and the regularity of the number of terms included in each of terms.
group.
. _J

Sequence before grouping.

Sequence of term counts in each

group.

Consider the sum from the first term
to the 9th term for {b,}.

S= %n{20+(n—l)d}

a,=2n

2]




2-19 — Group Sequences

a Find the sum using the @ last term, @ first term, and € number of terms
of the n—th group.
€@ Find the last term of the n-th group.
Finding what position the last term of the n—th group isin {a,} :

%n{z X 1+ (n—1)x 2} =n’...... (i)

Therefore, the last term of the n—th group is 2n2, @ ==« - oo an=2n

@ Find the first term of the n-th group using the last term of the (n - 1)-th
group, similarto 1

the (n - 1)-th group the n-th group

From (i), the last term of the (n - 1)-th group is the (n - 1)2-th term of {a,}.
Therefore, the first term of the n—th group is the {(n—1)*41}—th term of {a,,}.
That is, the (n? — 2n + 2)-th term, so:

2 (n?—2n+2)

© The number of terms in the n-th group is 2n—10 - -« -+« -« by =2n-1

Therefore, the required sum is the sum of an arithmetic sequence with the

last term 2n?, the first term 2(n? - 2n +2), and number of terms 2n—1:

%(2;1 —D2(n* —2n+2)+2n%=22n-1) (N> —n+1)

a First, find what position 88 isin {a,}.
Solving 2n = 88 gives n=44.
Here, from 2, the last terms of the (n—1)-th and n—th groups are the
(n—1)>—th and n?>—th terms of {a ,} respectively.
Substitute specific numbers for n to check which group the 44th term
belongs to.

Since 62 =36 and 72 =49, the 44th term is in the 7th group.

the 6th group the 7th group
.., (the 36th term) | .., 88, .., (the 49th term) |
(the 44th term)

Since 44 - 36 =8, 88 is the 8th term of the 7th group.

Chapter 2 — Sequences
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m ( A& Work with a partner)
Collaborate with your group to solve

the try section then discuss the

Divide the sequence of natural numbers into groups as shown below. Solve the
answer,
following problems.

113,517,9, 11113, 15, 17, 19] 21, 23, ...
n Find the first term of the 10t group.
a Find the sum of the terms included in the 10™" group.

a Find which group and which position 101 isin.

Divide the sequence of natural numbers into groups as shown below. Solve the
following problems.
BY 112.314,56(7,89,10[11,12,...

(a) Find the first term of the 10" group.

(b) Find the sum of the terms included in the 70 *" group.

(c) Find which group and which position 124 is in.

B 1.417,10,13,16]19,22,25,28,31,34(37,40, ...
(a) Find the first term of the 10t group.
(b) Find the sum of the terms included in the10™ group.

(c) Find which group and which position 100 is in.

% Challenge

2,6|10, 14, 18| 22, 26, 30, 34|......

(a) Find the first term of the 12th group.

(b) Derive a formula for the sum of all terms in the n-th group.

(c) Determine in which group and at which position the number 202 appears.

(d) Challenge extension: Find the total sum of all terms from Group 1 up to Group
12

When analyzing an unfamiliar sequence of real-world data, what indicators or visual
clues would lead you to choose difference sequence method over a group sequence

method?

e
. ____ 4

Chapter 2 — Sequences
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Recurrence Relations (1)

Chapter 2 Sequences

2-20

MATHEMATICS

Concept 5 - Recurrence and induction

When a doctor prescribes an antibiotic, the

Learning Outcomes
goal is to maintain a therapeutic amount of 3 ] evaonaes Solve recurrence relations at their

5 ) A o8 different levels in order to deduce the
the drug in the patient's bloodstream. Every # Lo “o. B " telrms ofchseqluence !

24 hours, the patient takes a new dose, but

ﬁ . { ‘;-”

their body also metabolizes and eliminates a @ I oose

fixed percentage of the drug already present.
To ensure the medication remains effective without reaching toxic levels, pharmacologists

must model this daily loop. The amount of the drug tomorrow depends

directly on the amount left over from today. This step-by-step dependency is the essence of
arecurrence relation. To prove that this pattern remains safe over an infinite number of

days, mathematicians use a logical domino effect called mathematical induction.

Guiding Question: How can we mathematically prove that a step-by-step, repeating

process will remain stable and predictable forever?

fm )

0 A sequence {a,} is determined, and a,, a3, ay, ... can be found in order,

if the following two conditions are given.
(a) The first term
(b) Arelational expression to find a,4; froma,(n =1, 2, 3, ...)

The above (b) is called a recurrence relation . Hereafter, recurrence

relations are assumed to hold forn =1, 2, 3, ....

0 Recurrence Relations Representing Arithmetic and Geometric

Sequences.

. . . . Addingdto a, givesa,;1
an+1 = ay + d Arithmetic sequence with common differenced o - - - - - - --e

an+1 = ra, Geometric sequence with common ratio r °

- * Multiplying a,, by r gives a,, ;1

Chapter 2 — Sequences
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Solve the following problems.
n Find the 2nd through the 4th terms of the sequence {a,} determined by the

following conditions.

a,=2,0,+,1=3a,+2

a Find the general term of the sequence {a,} determined by the following
conditions.

(@ ai=-1,ap1 =an+5 (b)ay=2,a,1=3a,

n The 2" term is found by substituting n = 1 into the given recurrence relation.
a1+1=30:12
Ay =3X2+2 =38

The3rdtermisfound usingthe2ndterm.  Similarly, the 4thtermis found using the 3rd term.

0r+1=30,12 a3+1=303+2
az=3xX8+2 as;=3X26+2
=26 =80

Therefore, a, = 8, az = 26, a, = 80

a (a) Since the sequence {a,} is an arithmetic sequence with the first term -1

and the common difference 5:

Ay = =14+ (N-1) X 5@ oo s a, =a+(n-1)d

a,= 5n-6
(b) Since the sequence {a,} is a geometric sequence with the first term 2 and

the common ratio 3:

Chapter 2 — Sequences
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Solve the following problems.
n Find the 2" through the 4th terms of the sequence {a,} determined by the
following conditions.

(@)ar = -6, ap11 =2a,+3 (b)a1=2, aps1=3a,-n

a Find the general term of the sequence {a,} determined by the following
conditions.
@a=1am =an+3 blai=4a, , =a,-2 ()ar1=3,an1 = 5an

(d) a1 = -3, ans1 = —2an

Solve the following problems.
n Find the 2" through the 4™ terms of the sequence {a,,} determined by the
following conditions.

(@) ai=1,ap41 = -2a, + 5

(b)a; = -6, aps1 = a, + n>-2n

() a1= 3, ans1= 3a,-n

(d) a1 =-2,ap41 = ap—n

(€) a1= 2, apy1 = ap+2n

(f) a1 = -2, app1 = ap+3"

a Find the general term of the sequence {a,} determined by the following
conditions.
@ ai=1,an1 =an+6 (b)ar=3,an11 = ap=5 (c)a1=4, ant1= 3an
(d) a1= 2, an1 = -5an
(€ ar=-2,apnn =an+3 (flar=4, 0011 =04 (g 1= 1, ap1= 4an

(h) a1 = -2, any1 = —4a,

% Challenge

Solve the recurrence relation for a, : an = 6an-1 — 11lan—2 + 6an—3 forn =3
Given initial conditions: ag=0,a;=1,and a, =6

( A& Work witha partner)

Collaborate with your group to solve

the try section then discuss the

answer.

Chapter 2 — Sequences
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Recurrence Relations (2)

Chapter 2 Sequences
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r N\ [ )

Learning Outcomes

MATHEMATICS
Solve recurrence relations at their

different levels in order to deduce the

........................................................ . terms of the sequence.
- J

n-1
Whenn = 2,a, = a;+ > f(k)
k=1

— |

Find the general term of the sequence {a,} determined by the following

An expression in terms of n

Canbetransformedtoa,;; — a, =

fm

conditions.

a,=1,a,,1=0,+2n-3

Since a,4+1 — a,= 2n—3,the generalterm of the difference sequence of{a,} is 2n - 3
Therefore, when n > 2:

n—1
a,=1+Y (2k —3)

k=1

1

=1+2X% E(n—l){(n—l) +1}-3(n—-1)
=n’—4n+4 = (n—2)*

This formula also holds whenn=1

Therefore, a, =(n-2)?

m ( A& Work witha partner)
Collaborate with your group to solve

the try section then discuss the

Find the general term of the sequence {a,} determined by the following

answer.
conditions.

(@) a1=2,a541 = a, + 1?2 (b) a1=1, apy1 = a,+3"

Chapter 2 — Sequences
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Find the general term of the sequence {a,} determined by the following

conditions.

(@) a1= 2, any1 = ap+2n (b) a1= 2, apy = a,+3n?
(©)ai=1, apy1 = a,+2" (d) a1=2, apy1 = ap+3n+1
(e) a1= 2, any1 = ap+2n% +n ®) a1=2, any1 = a,—3"

(g) a=4,ap4 = a,—4"

% Challenge

A tech startup launches with a 400,000 LE cash reserve (a; = 4 hundred
thousand). They burn an amount of 4n thousand LE at the end of each quarter:
a, =4, a1 = a,—0.04n

Find an explicit formula for the general term a,, to predict the company's cash

reserve at the start of any quarter.
G J

Chapter 2 — Sequences
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Recurrence Relations (3)

Chapter 2 Sequences

2-22

MATHEMATICS

m Learning Outcomes
Solve recurrence relations at their

different levels in order to deduce the
terms of the sequence.

Q Steps to find the general term from a recurrence relation of the form

an+1 = pan + q.
0 Replace both a,+1 and a, in the recurrence relation with c.

@ Solve the equation from ).

9 Substitute the solution from 9 intoa,;1 —c=p(a, —c).

O Lettinga, — ¢ = by, {by,}isageometric sequence with common ratio p.

© rind the general term of {a,,} using the general term of {b,,}.
\_ J

[

Find the general term of the sequence {a,} determined by the following

conditions.

a,=1,a,,; =3a,+4

Explanation

Replacing both a,,4+1 and a, in the given recurrence relation a,+1= 3a,+4 with ¢ :

c=3c+4

Solving this gives ¢ = —2

ubstitutec= —2intoa,,, —c =

Therefore, an41+2 = 3(Ap+2). ceeeee (1) @ - oo e e oo
: p(an - C)~

Here, letting a,+2 =b, ...... (ii), we can express it as ay+1+2 =by41

Substituting these into (i) gives b,+1= 3b,, so {b,} is a geometric sequence with

common ratio 3

Also, the first term by of {b,}is, from (ii), by = a;+2

=142 =3 :
i {b,}is a geometric sequence with

— N—1 @------cccccccccccccccccccccccccccccccccccccccoccn
Therefore, b,=3x3 i thefirst term 3, the common ratio 3

= 3"

Substituting this into (ii) gives a,+2 = 3"

a,=3"-2

Chapter 2 — Sequences
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Find the general term of the sequence {a,} determined by the following

conditions.

(@) a1=1, apy1= 5a,+8 (b) 1= 4, apy1= —2a,+3

Find the general term of the sequence {a, } determined by the following

conditions.
(@) a1= 2, ap41= 2a,—-1 (b) a1= -3, api1=4a,+3
(c) a1= 3, ap41= 3a,-2 (d) a1= =2, apy1= —3a,+4
1
=1 = = 2 !
(e) aq > Antl 3a"+2 ) a=2,ap11 = gan - 2

Chapter 2 — Sequences

C A& Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.
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Mathematical Induction for Proving
Equalities

MATHEMATICS Chapter 2 Sequences

m Learning Outcomes

Apply the principle of mathematical

2-23

@ Proof by mathematical induction induction to prove the validity of
mathematical equalities and
Procedure to prove that “Condition (A) holds for all natural numbers n” el es,
N\ J

[1] Show that (A) holds whenn =1

[2] Assume that (A) holds when n = k, and write the equation that holds
then.

By transforming that equation, show that (A) also holds whenn = k + 1
\_ J

E

1
Use mathematical induction to provethat1+2+3+...+n= 7n(n +1)

Explanation

Let the given equality be (A).

[1]Whenn=1:
LHS:l,RHS:%xlx(1+1)=1
Therefore, (A) holds whenn=1

[2] Assume (A) holds when n = k:

1
L4243+ 4k = Sk 1) e ()

Whenn =k + 1, from (i):
Derive the expression that holds
LHS:1+2+3++k+(k+1). ........................................ forn=k+1using(i).

=%k(k+1)+(k+1)o .................................................

Do not expand; factor out

1

gk+nuk+n+1}

Transform into the form

1 R obtained by substituting n =
RHS = i(k + Ditke+1) +1} k + 1into the RHS of (A).

Therefore, (A) also holdswhenn =k + 1

From [1] and [2], (A) holds for all natural numbers.

Chapter 2 — Sequences
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m C A& Work with a partner)
Collaborate with your group to solve

Use mathematical induction to prove the following equalities. thetry section then discuss the
answer,

@1+3+5+...+02n—-1) =n?

(b)1x2+2><3+3x4+...+n(n+1)=%n(n+1)(n+2)

Use mathematical induction to prove the following equalities.
@12+3*+5+ ... +2n—-17>= %n(Zn -1DR2n+1)
(b)3+3X4+3x4%+...+3%x4"1=4"—1
(c)1><3+2><4+3><5+...+n(n+2):%n(n+1)(2n+7)

1
(d)1+10+10%+... +10" = 5 (10"+1-1)

Chapter 2 — Sequences
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Mathematical Induction for Proving
Inequalities

MATHEMATICS Chapter 2 Sequences

m Learning Outcomes

Apply the principle of mathematical
induction to prove the validity of
algebraic inequalities.

2-24

(

Q When proving equalities or inequalities involving a”, multiply both sides

of the assumed expression by a
\_ J

When n is a natural number greater than or equal to 4, prove the following

inequality.

2">3n

Let the given inequality be (A).

Since we are proving this forn > 4
[1]Whenn=4,LHS=2%=16,RHS=3%4=12 ¢ ... ... ... .. ... oeoieioioo ...

more, show it holds whenn = 4
Therefore, (A) holds when n= 4

[2] Assuming k = 4 and (A) holds when n = k,

Using this expression, show (A) for

n=k+1,whichis2k*1 >3(k+1).

Since the RHS when substituting
n=k+1linto(A)is3(k+1),show
When k > 4, 6k—3(k+1) = 6k—3k—3 2K 1> 6k>3(k+1).

=3k-3>0

Therefore, 6k >3(k+1) ...... (ii)

From (i) and (ii), since 2*1 > 6k > 3(k + 1),
2k 1 >3(k+1)

This shows that (A) also holds whenn=k + 1

From [1] and [2], (A) holds for all natural numbers greater than or equal to 4

Chapter 2 — Sequences
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m C A& Work with a partner)
Collaborate with your group to solve
When n is a natural number greater than or equal to 3, prove the following the try section then discuss the

answer,
inequality.

37 >5n+1

Solve the following problems.
n When n is a natural number, prove the following inequality.
3">2n
a When n is a natural number greater than or equal to 4, prove the following inequality.

2" >3n+1

* Challenge

When h > 0 and n is a natural number greater than or equal to 3, prove
the following inequality.
(1+h)" >1+nh?

Chapter 2 — Sequences
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Proof of Being a Multiple by
Mathematical Induction

MATHEMATICS Chapter 2 Sequences

m Learning Outcomes

Apply the principle of mathematical
induction to prove the validity of
divisibility.

2-25

(

Q When proving that something is a multiple of a, use the assumed

expression to show it takes the form a x (integer).
\_ J

Prove thatn® +(n+1)3+(n+2)3isamultiple of 9 for all natural numbers n,

using mathematical induction.

Explanation

Let “(A)” be “n3 +(n+1)3 +(n+2)3 is a multiple of 9”.
[1] Whenn=1,

B+1+1)°+1+2P3 =1+8+27

:36................................................................é36isamultipleof9

Therefore, (A) holds whenn = 1.

[2]  Assuming (A) holds when n = k, it can be expressed using an integer m as:

I3 4 (K1) A (K 2) = OM @ oo oo Using this equation, show that (A)

holdswhenn =k +1
Consideringwhenn = k+1:

(k+1)3+(k+2)3+(k+3)3=9m—Kk3+ (k+3)3@ - oo :
Since (k+1)3 +(k+2)3=9m-k3

=9m—k>+ k> +9k? +27k +27 =9 (m+k?+3k +3) from k* + (k+1)% + (k+2)° =9m:

Since m+ k? + 3k + 3 is an integer, 9(m + k? + 3k + 3) is a multiple of 9 (k+1)° +(k+2)° +(k+3)° =
Im-k3+(k+3)3n=k+1

Therefore, (k+1)3 + (k+2)3 + (k+3)3 isamultiple of 9, and (A) also holds

when n=k+1.

From [1] and [2], (A) holds for all natural numbers.

m ( A& Work with a partner)
Collaborate with your group to solve

the try section then discuss the

Prove that n® +2n is a multiple of 3 for all natural numbers n, using mathematical

answer.
induction.

Chapter 2 — Sequences
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Solve the following problems.
n Prove that 2n® - 3n2 + nis a multiple of 6 for all natural numbers n, using

mathematical induction.

a Prove that 4n3 - nis divisible by 3 for all natural numbers n, using

mathematical induction.

% Challenge

Prove that for any integer n > 1:
(n+1)" —1isamultiple of n?.

Chapter 2 — Sequences
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Recurrence Relations and
2-26 Mathematical Induction

MATHEMATICS Chapter 2 Sequences

' Learning Outcomes
24 Employ mathematical induction to
. . a, — rove and validate recurrence
For the sequence {a, } determined by the conditions a;= 3, a,;1 = —2——, solve .
n+1 relations of sequences.

the following problems.

n Find a,, as, a, and estimate the general term of this sequence.

a Prove that the estimation in 1 is correct using mathematical induction.

Explanation

n From the given recurrence relation:

2 2
af—1 3°-1 8 -
a, = = = —=4Similarly, a3 =5,as, =6 ®
2T 151 2 2 Y, a3 !

{an). 3.4, 5.6, ...

Therefore, we can estimatea, = n+ 2
a Leta, =n+2be(A).
[1] When n=1,substituting n=1 into (A) gives:
a;=1+2=3
Therefore, (A) holds whenn=1
[2] Assuming (A) holds when n =k,
ar=k+2

At this time, finding a .1 from the given recurrence relation:

a -t Substitute a; = k + 2
k+1 k4] @ st
_(k+2) -1
T k+1
=k+3 H
=(k+1)+2 Transform into the form obtained by

ubstituting n = k + 1 into the RHS

This shows that (A) also holdswhenn =k +1 of(A)
)

From [1] and [2], (A) holds for all natural numbers.

Therefore, the estimation in 1 is correct.

Chapter 2 — Sequences
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m ( A& Work with a partner)
Collaborate with your group to solve

the try section then discuss the

For the sequence {a,} determined by a, =-1,a,., =a,2 + 2na, - 2, solve the
answer.
following problems.

n Find a,, a3, a4 and estimate the general term.

a Prove that the estimation in 1 is correct using mathematical induction.

Solve the following problems.
a For the sequence {a,} determined by a, =1,a,., =a,> —n2a, +(n+1)?,
solve the following problems.
(a) Find a,, a3, a, and estimate the general term.
(b) Prove that the estimation in (a) is correct using mathematical induction.
a For the sequence {a,} determined bya, =1,0,,; = Z:—::, solve the
following problems.

(a) Find a,, a3, a4 and estimate the general term.

(b) Prove that the estimation in (a) is correct using mathematical induction.

% Challenge

Three numbers, A, B, Cin that order, are in geometric sequence with common
ratio . Given further that A, 2B, C in that order are in arithmetic sequence,
determine the possible values of r.

! How can mathematical induction help us confirm the correctness of a general
i formula for a sequence defined by a recurrence relation? Explain your answer.

.
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3-1 — Complex Numbers

Complex Numbers

Chapter 3 Complex Numbers and Equations

2 |

MATHEMATICS

BIOLOGICAL SIGNALS:
WAVES & COMPLEX NUMBERS

Concept 1 - Complex number

When a medical technician monitors a patient’s heart

using an electrocardiogram (ECG), the screen displays a - 1 Learning Outcomes

Identify the complex number
(z = a + bi) and its components (the
real part and the imaginary part).

rhythmic, wave-like pattern. Similarly, an MRI machine

uses powerful magnetic fields and radio waves to

construct detailed images of organs inside the human body.

These biological signals are fundamentally waves, and tracking them requires tracking
both their size (amplitude) and their timing (phase shift). While standard numbers fail to
capture both pieces of data simultaneously, a unique mathematical framework solves

this problem perfectly by treating numbers as coordinates on a plane.

Guiding Question: How can complex numbers help us expand our understanding of
mathematics so that we can solve problems that seem impossible using only real

numbers?

(" S
m Complex Numbers

Imaginary Numbers | Real Numbers
0 The number whose square is —1 is denoted by i. That is, > = —1 -2i,8i 7, -3

0 A number expressed in the form a + bi using two real numbers a, bis Real numbers are also part of

called a complex number. Complex numbers.

The part a is called the Real Part , and the part b is called the

IMAgINAry Part . @ - - -« -« -« cxxxwmomeeooa ___ i lisnotincluded in the imaginary

When b = 0, a + bi becomes a real number. P

When b # 0, a + biis called an imaginary number.

0 Equality of Complex Numbers

«Whena, b, ¢, d are real numbers, if a + bi = ¢ + di, then The real and imaginary parts of both

sides are equal.

«When a, b are real numbers,ifa+ bi =0,thena=0,b=0 ®------------ - 0=0+0i

Chapter 3 — Complex Numbers and Equations




3-1 — Complex Numbers

lr

Solve the following problems.
n State the real and imaginary parts of the following complex numbers.

@3-2 M=V (-8 ()2
3

a Find the values of real numbers x, y that satisfy the following equation.

QC+D)x+Q+i)y=2+3i

Explanation

iis notincluded in the imaginary

part.
4— /5 4 5 . V5
(b) 3\/_1 =37 T\/_z Real Part: 3 Imaginary Part: 3
f Express it in the form a + bi first.
(c) -8 =—-8+0i RealPart: -8, Imaginary Part: 0
(d)2i=0+2i RealPart: 0,Imaginary Part: 2
a 2+ 0)X+ (L4 D)y =243 @ nnmrrrrme e Expand the LHS and rearrange into

the form a + bi.

2X+ix+y +iy =2+ 3i

Compare the real and imaginary

(azx +y)+ (3%2)1 =%+%l @ parts of both sides.

Therefore,
2x+y=2
x+y=3

Solving this system of equations givesx = —1,y = 4

m ( A& Work witha partner)
Collaborate with your group to solve

Solve the following problems the try section then discuss the

answer,
a State the real and imaginary parts of the following complex numbers.

(@) =3 + 5i (b)—l—Tﬁi ©1  (d)3i

a Find the values of real numbers x, y that satisfy the following equations.

@kx—6)+(x+3y)i=0 (b)) B3+2D)x+@—-Dy=6-7i

Chapter 3 — Complex Numbers and Equations




3-1 — Complex Numbers

Solve the following problems.
n State the real and imaginary parts of the following complex numbers.

(@) 2+ 5i (b) —25+13i (c) 2 - Vi (d) 7- Vi
3 2

(€) —4 ® ; @ V3i (h) —i

a Find the values of real numbers x, y that satisfy the following equations.
@x+y)+Bx—y)i=8+7i b)(x+1)—5i=4+QRy+1)i
C©Wx—-2)+x+y)i=0 @G@B+2)x+A—-i)y=7+3i

(€) (1 —i)(x+yi)=2+i

% Challenge

A sound engineer is programming a stereo echo plugin where complex numbers
track the volume and timing of audio waves. To perfectly center the sound
between the left speaker (volume multiplier x) and right speaker (volume
multiplier y), the two audio paths must balance according to this equation:

(1 +2i)(x+i) =x(y +i) Find the exact values of the real numbers x and y.

. J
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3-2 — Operations with Complex Numbers (1)

Operations with Complex Numbers

(1)

MATHEMATICS Chapter 3 Complex Numbers and Equations

3-2

Learning Outcomes

Identify the complex number
(z = a + bi) and its components (the

o Calculations involving complex numbers can be performed in the same real part and the imaginary part).
Perform arithmetic operations

way as algebraic expressions. However, if i> appears, substitute i*= —1 (addition, subtraction, multiplication,
division) on complex numbers and put

0 Powers of i should be calculated by expressing them in terms of i2 them in their simplest form.

. 2\ 4 . . 2\3 . .
Example: # = (i) = (-1)'=1 i =ix () =ix(-1)’=-i
® ) When the exponent is odd, express

Calculate the following.

itusingiand i2.

(@) (3—-2i)— (2 +5i) (b) (i—2) (c) i +i¥ +iY

(@A) (B—=20)—(24+5)@----vrcrrmrr ettt Calculate treating i as a variable.

= 32— 2— 5] @-crrrrereeeeeeeaaaans

=1=7L s Answer in the form a + bi
(b) (i — 2)°
— 2 ;
e il Substitute 2 = —1
=—-1-4i+4
=3—4i
(c) 10 b 127 b 17 @ e e e e e Express each power of i using i?
N S DAY
=(1?)" +ix (i) +ix () - N
3. 13, . 8 Misconceptions
=(=1)’ +ix(=D® +ix(=1) P
Mixing real and imaginary parts:
=—1—-i+i Adding or subtracting unlike terms
together instead of keeping real and
=—1 imaginary parts separate.

Errors in  multiplication: ~ When

expanding brackets, forgetting that
ixi=i=-1
N J/

e ~N
Calculate the following. (&4 Work with a partner )

Collaborate with your group to solve

(a) (4 + 6i) + (=3 + 2i) (b) (2 +3i)(1 —20) ©@i+i2+id+i*

the try section then discuss the

answer.

g
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3-2 — Operations with Complex Numbers (1)

Calculate the following.
(@) (7 +4i) — (3 + 5i) (b) (—4 + 3i) + (5 — 6i)

©@B=-3)—-(5-3i)  (d)(V2+3i) (vV2+i)
@Q+3)+(+8) (g (%_1i> _ (1 N Ei)

5 2 3 7
(8) 2i— 1) @ (% ' i) (% _ i)
He+)’+2-0" G+ +i
(k) ¥ + i + i1 @) i 48 4315

% Challenge

Given that xis a real number, solve the equation:

(7x — 7i) (x? + xi) = 14x2*

Chapter 3 — Complex Numbers and Equations




3-3 — Operations with Complex Numbers (2)

3-3

(2)

MATHEMATICS Chapter 3 Complex Numbers and Equations

Operations with Complex Numbers

0 Complex numbers a + bi and a - bi are called Complex Conjugates .

° The product of conjugate complex numbers becomes a real number.
Example: (2 + 3i) (2 — 3i) = 4 — 9i2
=4-9%(-1)

=449 =13

@ For fractional expressions containing imaginary numbers in the

denominator, first multiply both the numerator and denominator by

the complex conjugate of the denominator to make the denominator a

real number.

1 1— N =3

Example: l,=( 1?(2 31?
2430 (24 30)(2-30)

_—=1-5i

13

\_

W

Solve the following problems.

n State the complex conjugate of the following complex numbers.

(a) 2+ 3i (b) 7—iv11 (©6 (d) —5i

a Calculate the following and answer in the form a + bi.
241 3—i
L b) >—

@3 @5

Explanation

n Reverse the sign of the imaginary part. -
PO
(a)2-—3i (b) 7 +iv11 (c) 6 ()50 @ oo
241
a (a)ﬁ' .............................................................
@+ CA+4it i
NCENHICED) 42
_A+4i+ (-1 _3+40
T 4—(-1) 5
_5 5 @ - -ttt e e e e e e

Chapter 3 — Complex Numbers and Equations

Learning Outcomes

Identify the complex number (z = a +
bi) and its components (the real part
and the imaginary part).

Perform arithmetic operations
(addition, subtraction, multiplication,
division) on complex numbers and put
them in their simplest form.

The signs of their imaginary parts

are opposite.

Conjugate of 6 + 0i is 6 — 0i

Conjugate of 0 — 5iis 0 + 5i

Multiply numerator and
denominator by 2 + i

Answer in the form a + bi




3-3 — Operations with Complex Numbers (2)

_(B=0(=20) _ —6i +2i?
T 2i(=2i) TS
_—6i+2x(-1)

—4x(-1)

Solve the following problems.

n State the complex conjugate of the following complex numbers.
(a) 1 — 4i (b) V2+iv/10

(c)2 (d) —8i

a Calculate the following and answer in the form a + bi.

3+i
a
( )1+2i

Solve the following problems.

® 1!
l

n State the complex conjugate of the following complex numbers.
(a) 3+ 4i (b) 9 + 8i (c)8+i3

(d5s (e) -15 & V7
@i M) -50i () ive
a Calculate the following and answer in the form a + bi.
1+i 3+1i V5+i 5i
Wi ®n O5FS O
5i 1 -3 1 2+i
f = h) —
©rm O3 © ® =

% Challenge

Perform the indicated operation and write your answer in standard form.

( i(10 — 12i) )2027
(2 + i) (—1 + 4i)

Chapter 3 — Complex Numbers and Equations

Multiply numerator and

denominator by —2i

Simplify the fraction.

Answer in the form a + bi.

( A& Work witha partner)

Collaborate with your group to solve

the try section then discuss the

answer.

\




3-4 — Square Roots of Negative Numbers

Square Roots of Negative Numbers

Chapter 3 Complex Numbers and Equations

3-4

MATHEMATICS

4 )
m Learning Outcomes

Calculate square roots of negative
° Whena > 0, \/_—a — i\/l numbers and complex numbers .

o When the inside of the square root is a negative number, calculate after

expressing itin a form in terms of i.
\_ J

Solve the following problems.

n Express the square roots of -6 in terms of i.

a Calculate the following.

(a) -12x +/—6 (b) ‘/fS

Explanation

n The square roots of —6 are + v/—6 = + i\/6

n (a) A =12 X A/ =6 @ First express in terms of i
= iVI2Xiv6
=203 Xiv6
:6i2\/§ . Substitute = -1

V8 .

(b) — . .

v/—18 Multiply numerator and denominator
_ 272 . by —3i (or simpler, just i).
T 3R

e R
—61 - .

= 5 Misconceptions

2 Thinking +/—n is undefined or
=—=i impossible: Students may believe

negative numbers cannot have square
roots at all, rather than understanding
that complex numbers extend the
system to make this possible.

Confusing signs: Some assume
v/—n = —/n, which is incorrect. The

correct formis v/=n = iy/n.

Chapter 3 — Complex Numbers and Equations




3-4 — Square Roots of Negative Numbers

m C A& Work with a partner)
Collaborate with your group to solve
Solve the following problems the try section then discuss the

answer.

n Express the following numbers in terms of i.

(a) -7 (b) /-27 (c) —v-12 (d) Square roots of —12
a Calculate the following.

@ VX V6 (b \/_@3 © (3+ v=2)°

Solve the following problems.

a Express the following numbers in terms of i.

(@ v-2 ®) V-9
(c) v—45 d) - v-24
(e) — v-36 (f) Square roots of —2

(g) Square roots of —18 (h) Square roots of —16

a Calculate the following.

@) VvV-2x V-6 (b) V-28x /=35
V8 V27
(©) Y (d) N
() vV-32+ v/-98+ /-8 ) V-98— V=724 /=50
@ (V3+ v=5)° () 2+ v=3) (2- V=3)

% Challenge

Solve: (2x — 8)* = —10

Looking back at how expanding our number system from standard real lines to two-
dimensional planes allows us to calculate things like tissue impedance and audio
processing, how does this change your view of what makes a mathematical concept

"real" versus "imaginary"?

Chapter 3 — Complex Numbers and Equations




3-5 — Solutions of Quadratic Equations

3-5

Chapter 3 Complex Numbers and Equations

MATHEMATICS

Concept 2 - Quadratic equations

Evolutionary biologists study how genetic traits spread
through populations over time, determining whether a

species adapts, stabilizes, or faces extinction. To model

Solutions of Quadratic Equations

Learning Outcomes

Solve quadratic equations in the set of
complex numbers.

interactions between competing genetic variations

under natural selection, they use mathematics to represent reproductive rates and
generational effects. At the balance point between genetic traits and environmental

pressures, the equations form quadratic expressions, which help predict whether a

population is stable or vulnerable to collapse.

Guiding Question: ""How can quadratic equations help us determine whether a

system in life science or engineering will remain stable or collapse?"

(m
terms of i
o How to solve Quadratic Equations.

(i) Solve using the concept of Square Roots.

The solutions of x*=a arex = +./a

(i) Solve using Factorisation.

The solutionsof x(x—a)=0arex=0ora .

The solutions of (x—a)(x-b)=0arex=aorb

The solution of (x—a)?=0isx=a

The solutions of (ax — b) (cx—d) = 0arex = — or

RIS
o | &

(iii) Solve using the Quadratic Formula.

, b+ b* -4
The solutionsof ax? + bx + c = 0 arex = ac
L 2a

o When the inside of the square root is negative, expressitin a form in

For (x + m)2 =a,transformtox+m = +,/a,sox=-m=+ /a

Chapter 3 — Complex Numbers and Equations




3-5 — Solutions of Quadratic Equations

Solve the following quadratic equations.

(@)x*+8=0 (b)2x>2—-7x—-9=0 (€) 2x2+2+/6x+11=0

Explanation

X2 = —8 @ :
X=k /8@
x==%iy/8 E --------------------------
X=+2iy2
(B)2x? —7x—9=0@-----rvmreccocoes : e
(x+1(2x-9)=0
9 .
x=—1or§ o

(©) 22 +2V6X+11=0@-----mmmmmnae- :
—2v6+ J2V6P-4x2x11 !

X =

2X2
—2/6% /64 @------coaoonn ,
.X'Zf ! B
~2/6 +i/64 e
X=——
4
—2+/6+8i
X = — @ ---c-cccccccccct e et et c e e e e
4
— /6t 4i
sz

Solve the following quadratic equations.

Create the form “x? = .

Remove the square on the LHS and

add + + to the RHS.

Express in terms of i.

Use the cross-multiplication

method.

Use the Quadratic Formula.

Express in terms of i.

Simplify the fraction.

@x2+4=0 (b) (x—3)* = -8

(©)2x2+5x—3=0 (d)2x? +2+/3x+5=0

Chapter 3 — Complex Numbers and Equations

\

( A& Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.




3-5 — Solutions of Quadratic Equations

Solve the following problems.

n Solve the following quadratic equations.

(@)x*+49=0 (b)9x>—4=0
(c)(x=2)7=5 (d) (x + 6)° = —6
(e)2x*>+7x =0 () 2> +5x—12=0
@x*+x+1=0 (h)3x>-5x+3=0

(x> -2v3x+5=0  (§)3x*+2V2x+1=0

a Solve the following quadratic equations.

@x2—x+2=0 (b) (x + 4)* = —18
(©)x>-12=0 (d)3x>2—4x—-1=0
(e)x?—8x+15=0 f)4x>+3=0

(g 3x*— V5x+1=0 (h) 6x2—12x+15=0

(i) (2x-37> =7

% Challenge

A research team studies the vibrations of a thin membrane in a medical device
that uses ultrasound waves. The relationship between the vibration amplitude x
and the rate of energy transfer R is given by:

R=3x2+2/3x+2

Determine the values of x that make the system reach equilibrium (when the

energy transfer rate is zero). And explain the meaning of the result.
. J
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3-6 — Discriminant of Quadratic Equations

Discriminant of Quadratic
Equations

MATHEMATICS Chapter 3 Complex Numbers and Equations

~ N [ 3
m Learning Outcomes

Determine the nature of its roots using

3-6

° The expression used to determine the type and number of solutions of the discriminant and use them to
solve math problems.
the quadratic equation ax? + bx + ¢ = 0 is called the Discriminant, denoted L )
by D.
5 Inside the square root of the
D =D — 4QC @ ------cc e a--

Quadratic Formula.

L . When D 20,
When D > 0, it has two distinct real solutions .

it has real
When D = 0,it has a repeated solution (one real solution) . -

solutions

When D < 0,it has two distinct imaginary solutions .

. J

[

Solve the following problems.

n Determine the nature of the solutions for the quadratic equation 3x* + 4x +7 = 0
a Find the range of values for the constant m for which the quadratic equation
x? — mx+ m? — 3m — 9 = 0 has real solutions.

a Let k be a real constant. Determine the nature of the solutions for the

quadratic equationx? + kx+3—k =0

ED LetDbethediscriminant of 3x? 4 4x+7 =0 ® == -roormorss s

Substitutea =3, b =4, c = 7 into

the discriminant.

D=4>-4x3x7 -~ D=16-84=-68 <0

Therefore, it has two distinct imaginary solutions.
Misconceptions

Misinterpreting the result

D < 0: thinking there are “no solutions
at all,” while the correct answer is two
complex solutions.

D = 0: thinking there are “no
solutions,” while the correct answer is
one repeated real solution.

D > 0: thinking there is “only one
solution,” while the correct answer is
two distinct real solutions

Chapter 3 — Complex Numbers and Equations




3-6 — Discriminant of Quadratic Equations

a Let D be the discriminant of x2 — mx+ m?> —3m —9=0SinceD >0, @ ------- !

Substitutea =1,b = —-m, c =
(—m)2—4(m2—3m—9) >0

m? — 3m — 9 into the discriminant.

—3m?2+12m+36=0

3mM2 —12M — 36 < 0 @-----ecmee e Reverse the inequality sign.

m?2—4m—12<0

(m+2)(m—-6)<0

Therefore, —2<m <6 ®------------ccecoocen

a Let D be the discriminantofx? + kx+3—-k =0

D=k*>-4(3—-k) : -2 /6 "
— K44k —12 "/

=(k—2)(k+6) @ -
[1]WhenD > 0,i.e., (k—2)(k +6) > 0:

Solving this gives: when k <— 6 or k > 2, it has two distinct real solutions.
[2]WhenD =0, i.e.,(k—2)(k+6)=0:

Solving this gives: when k =— 6, 2, it has a repeated solution. 3 > k
[3]WhenD < 0,i.e., (k—2)(k+6)<O0:

Solving this gives: when — 6 < k < 2, it has two distinct imaginary solutions.

Summarising the above:
When k < —6 or k > 2, it has two distinct real solutions.
When k = —6, 2, it has a repeated solution.

When —6 < k < 2, it has two distinct imaginary solutions.

m C A& Work witha partner)
Collaborate with your group to solve

the try section then discuss the

Solve the following problems.
answer.

a Determine the nature of the solutions for the following quadratic equations.
(@) 3x>—5x+4=0 (b)4x?—7x—2=0 (c) 25x> —=10x+1=0

a Find the range of values for the constant m for which the quadratic equation
x% — 2mx + m + 2 = 0 has two distinct imaginary solutions.

a Let a be a real constant. Determine the nature of the solutions for the

quadratic equationx?> —ax+2a—3 =0

Chapter 3 — Complex Numbers and Equations




3-6 — Discriminant of Quadratic Equations

Solve the following problems.

n Determine the nature of the solutions for the following quadratic equations.
(@) x*—5x+3=0 (b)9x?2—12x+4=0 (€)4x* —8x+5=0
(d)4x>—4x+1=0 (e)x*—3x+5=0 ®)x?—x-2=0

E) solve the following problems.

(a) Find the value(s) of the constant a for which the quadratic equation x? —

(a +1)x+ 4 = 0 has a repeated solution.

(b) Find the range of values for the constant m for which the quadratic equation
x% + (m + 6)x — 2m = 0 has two distinct imaginary solutions.

(c) Find the range of values for the constant m for which the quadratic equation

X2 — 2mx + 2m? — 3m = 0 has real solutions.

| % Challenge

Solve the following problems.
(a) Let a be a real constant. Determine the nature of the solutions for
the quadratic equationx?> + ax—a =0

(b) Let k be a real constant. Determine the nature of the solutions for
the quadratic equationx? — (k + 2)x + k* =0

(c) Let a be a real constant. Determine the nature of the solutions for
the quadratic equationx? —2(a—1)x+a*>—3a+4=0

Chapter 3 — Complex Numbers and Equations
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3.7 Relationship between Roots and
; Coefficients (1)

MATHEMATICS Chapter 3 Complex Numbers and Equations

s
m Learning Outcomes

Deduce mathematical relationships
between the roots of a quadratic
equation and its coefficients, and use
them to solve math problems.

@ Relationship between Roots and Coefficients

When the two solutions (roots) of ax? + bx + ¢ = 0 are aand f,

b
a+ ﬂ = —=- ( N
a Misconceptions

c
af = — .
a Confusing sum and product

Some students swap them, thinking

the product is —b/a and the sum is
c/a.

Ignoring the coefficient a
Students sometimes assume formulas
are just —b and c, forgetting to divide

Q For values of expressions involving solutions of quadratic equations,

first find the values of @+ £ and ap.

Rewrite the given expression in terms of @+ £ and af, and solve using the

relationship between roots and coefficients. \by ¢ J
In particular, the following transformations are often used.
2+ p2=(a+p) —2ap
&+ p%=(a+p) —3af(a+ )
\_ J
Solve the following problems.
a Find the sum and product of the two solutions of the quadratic equation
3x2—6x—5=0
a Let aand £ be the two solutions of the quadratic equation 2x? —6x—3 =0
Find the value of the following expressions.
@a+p O+ (52,2 @@+rDE+D
a p
n 3x2—6x—5=0
From the relationship between roots and coefficients, sum of two solutions
s—? =;o It
Product of two solutions is (_3—5) =2 o aﬂ—g

Chapter 3 — Complex Numbers and Equations




3-7 — Relationship between Roots and Coefficients (1)

ﬂ 22 —6x—3=0

3  Firstf
T N i First find the values of #+ fand aff

@) a?+p*=(a+ P’ —2ap

3
=122 _ -
3 ZX( 2)

=943
=12

(b) a3+ B3 = (a+ p)’ —3aB(a+ P

:33—3x<—%>x3

2
7
2

: Multiply both the numerator and the

i denominator by 2

@+D)B+)=af+a+F+1

3'+3+1
2

>
2

m (“ Work with a partner)
Collaborate with your group to solve

the try section then discuss the

Solve the following problems.

answer.

n Find the sum and product of the two solutions of the quadratic equation

4x2+2x—7=0

a Let wand S be the two solutions of the quadratic equation 2x? —4x+3 =0

Find the value of the following expressions.

@a+f O Gl L @@-DE-y
a

Chapter 3 — Complex Numbers and Equations




3-7 — Relationship between Roots and Coefficients (1)

Solve the following problems.
n Find the sum and product of the two solutions of the following quadratic

equations.

@x*+x+2=0 (b)3x2—7x—6=0 (©)5x2=3=0

a Let @and S be the two solutions of the quadratic equation x> —2x+3 =0

Find the value of the following expressions.

@a*+p2  ®a+p (1 1 @@+
a p

a Let wand £ be the two solutions of the quadratic equation 3x? + 6x—1 =0

Find the value of the following expressions.

@a*+p> () a’+p’ (d) (@-2)(B-2)

@5+

% Challenge

Let aand S be the two solutions of the quadratic equation

2x% — 6x +3 = 0 Find the value of the following expressions.
@) @f+ap> () (a-p)
ﬂZ 6[’2

(© a*+p° (d)?"‘?
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Relationship between Roots and
3-8 Coefficients (2)

MATHEMATICS (Relationship between Two Roots)

0 For problems where the relationship between two solutions is known,

Chapter 3 Complex Numbers and Equations

-
Learning Outcomes

Deduce mathematical relationships
between the roots of a quadratic
equation and its coefficients, and use
them to solve math problems.

(. J

let a be one solution, and for the other,

express it in terms of
\_ J

E

If the difference between the two solutions of the quadratic equation

x?>—(m —1)x— 6 =0is 5, find the value of the constant m and the two solutions.

Explanation

Let one solution of x> — (m — 1)x — 6 = 0 be a. The other solution can be
expressed as a+ 5

From the relationship between roots and coefficients:

Solving (ii) givesa = -2, — 3

When @= —2, from (i), 7 = 2 @ « =« =« -« e e me e e et et Substitute @ = —2 into (i) to solve.

Also, the other solution in thiscaseisa+5=-2+5=3

When a = -3, from (i), m =0 Substitute @ = —3 into (i) to solve.

Also, the other solution in thiscaseisa+5=-3+5=2
Therefore,
When m = 2, the two solutions are —2, 3

When m = 0, the two solutions are —3, 2
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3-8 — Relationship between Roots and Coefficients (2)

m ( A& Work with a partner)
Collaborate with your group to solve
Solve the following problems the try section then discuss the

answer,
n If one solution of the quadratic equation x2 - 8x + k =0 is 3 times the other

solution, find the value of the constant k and the two solutions.
a If the difference between the two solutions of the quadratic equation

x?—(m+ 1)x+ 2 =0is 1, find the value of the constant m and the two solutions.

Solve the following problems.

n If one solution of the quadratic equation x? + 6x + m = 0 is 2 times the other
solution, find the value of the constant m and the two solutions.

a If one solution of the quadratic equation 8x? — mx + 1 = 0 is 2 times the
other solution, find the value of the constant m and the two solutions.

a If the difference between the two solutions of the quadratic equation

x? + 6x + m = 0is 4, find the value of the constant m and the two solutions.

n If the difference between the two solutions of the quadratic equation

4x? + mx + 3 =0is 1, find the value of the constant m and the two solutions.

a If the ratio of the two solutions of the quadratic equation x? —2x+m = 0'is
2 : 3, find the value of the constant m and the two solutions.

n If one solution of the quadratic equation x* — 6x + k = 0 is the square of the

other solution, find the value of the constant k and the two solutions.

% Challenge

x% + ax + bc = 0 and x* + bx + ca = 0 have a non zero common root and a # b.
Show that the other two roots are roots of the quadratic equation x2 + cx + ab =0
c#0
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Factorisation of Quadratic
Expressions

MATHEMATICS Chapter 3 Complex Numbers and Equations

3-9

'd ™

m Learning Outcomes

. Factorise quadratic expressions into
° Let aand S be the two solutions of ax? + bx + ¢ = 0 d P

their components within the realm of
It can be factorised asax?> + bx + c = a(x — a)(x — ) ® - complex numbers.
. /

|
“I ...................... Be careful not to forget the

Factorise the following expressions over the set of complex numbers.

(@) 2x2 —3x +2 (b) x* +2x> -3

Misconceptions
Explanation Forgetting the coefficient of x?
. Students often try to split the middle
+1\/7

term without considering the leading
4 coefficient a.

coefficient a of x?

(a) Solving 2x? — 3x + 2 = 0 using the quadratic formula gives x =

Therefore, Assuming all quadratics factorise
neatly

34+iV7 ) ( 3—iV/7 ) ° Some believe every quadratic can be
v X — —

I\ factorised into integers, ignoring cases
! where the discriminant is not a perfect

2xr—3x+2=2 (x—

(b)x*+2x2 -3 = (x2 — 1) (x2 + 3) ' square.

Be careful not to forget the

=(x+1)(x-1) (x*+3)

Here, solvingx? + 3 = 0 gives x = +i\/3 coefficient 2 of x2
Therefore, x? +3 = (x+iv/3) (x—iv/3)

Thus, x*+2x2 =3 = (x+ D (x—1) (x+iv/3) (x—iv3)

m ( A& Work with a partner)

Factorise the following expressions over the set of complex numbers. Collaborate with your group to solve
(a)x>+2x+5 (b) 2x* —6x+1 (©)x*—x>-6 the try section then discuss the

m —

Factorise the following expressions over the set of complex numbers.
(@) x*>+4x+5 (b) x2 +4x+ 2 (©) x> —4x+7 (d)2x>—x+1
(e)3x2—5x+3 f)2x2—2x-1 (gx*-9 (h) x* —3x2+2

- % Challenge

An engineer is designing a suspension bridge
and models the stress on one of the cables.

displacement x2,and the overall balance of
forces is represented by the equation:

S(x)=6x*—7x2-3

Analyze the equation to determine the possible values of x and explain what
these values mean in the context of cable stability under load.
. J
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Quadratic Equations with Two
Given Solutions

MATHEMATICS Chapter 3 Complex Numbers and Equations

m Learning Outcomes
Form a quadratic equation when its

roots are known.

3-10

(

Q One quadratic equation with two numbers a, fas solutionsis

X —(a+pPx+af=0
\_ J

Solve the following problems.

n Create one quadratic equation with integer coefficients that has the two

1+ 1—i .
numbers % and - as solutions.

a Find two numbers whose sumis =1 and product is 2
a Let a, B be the two solutions of the quadratic equationx*> + 2x—4 =0
Find a quadratic equation where the coefficient of x%is 1, having @ +2 and £ +2 as

its two solutions.

. . . . 1+ 1—-1i
n For a quadratic equation with solutions — and —

. 1+i 1-—1i

Sum of solutions: % + — = 1
One quadratic equation with @and
. 1+i 1-—1i 1 ; )
Product of solutions: —— X —— = = Basitsrootsisx* —(a+ f)x +
2 2 2 B
.......................... af =0
Therefore, one such equationis:e - - - ...........
1

x> —x+ S T @ Multiply both sides by 2 to make
2122 —2x+1=0 coefficients integers.

a Create a quadratic equation whose solutions are the two numbers. Let the

two numbers be a, S.

a+f=-1

One quadratic equation with @and

E Lasitsrootsisx? — (a+ Hx+

af =0
In other words, the two numbers are the solutions of x2 + x4+ 2 =0 :

Solving this gives

-1+ VT
- 2

—1+ V7i —1— +/7i

2 2

X Therefore, the two numbers are

Chapter 3 — Complex Numbers and Equations




3-10 — Quadratic Equations with Two Given Solutions

a Since a, S are solutions of x? + 2x — 4 = 0, from the relationship between

roots and coefficients:

af=—4...... (i)
Let the required quadratic equation be x* + bx+c¢ =0
Since the two solutions of this quadratic equation are a + 2, £+ 2, from the

relationship between roots and coefficients:

b=—{(a+2)+(F+2)}

From (i), a+ f= -2

=—(a+p+4),
=—(-24+4)
=-2
c=(a+2)(F+2) |
=afﬂ+2(ar+,6’)+4. From (i) and (ii), a+ =2, af=—4

=—44+2%x(-2)+4
=—4

Therefore, the required quadratic equationisx’> —2x—4=0

m ( A& Work with a partner)
Collaborate with your group to solve

the try section then discuss the

Solve the following problems.
answer.

n Create one quadratic equation that has the two numbers 3 + 2i and 3 — 2i as

solutions.
a Find two numbers where both the sum and the product are 1
a Let a, B be the two solutions of the quadratic equation x> + x—3 =0

Find one quadratic equation that has & and /& as its two solutions.

Chapter 3 — Complex Numbers and Equations




3-10 — Quadratic Equations with Two Given Solutions

Solve the following problems.
n Create one quadratic equation that has the following two numbers as

solutions.

(a) -1, 2 (b) 1+ 4i, 1 — 4i 547 5— /7
© 37 3

Find two numbers whose sum and product are as follows.
(a) Sumis2, Productis 5 (b) Sumiis 4, Product is 2

Let @, £ be the two solutions of the quadratic equationx? +2x+3 =0

Find one quadratic equation that has a+ 35 and 3a+ S as its two solutions.
Let @, £ be the two solutions of the quadratic equationx? —2x+7 =0

Find one quadratic equation that has a? and#? as its two solutions.

Let @, £ be the two solutions of the quadratic equation 2x? + 3x+4 =0

. . . s .. 1 1 .
Find one quadratic equation with integer coefficients that has — and = as its
a

B

two solutions.

% Challenge

\ |/
u\-j/;:

If a andf are the two roots of the quadratic equation. Create
a quadratic equation whose two roots are:

In the opposite figure:

1 1
—and —

\ a F

Chapter 3 — Complex Numbers and Equations
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Signs of Two Solutions

Chapter 3 Complex Numbers and Equations

3-11

MATHEMATICS

~N
m Learning Outcomes

Deduce mathematical relationships
between the roots of a quadratic
equation and its coefficients, and use
them to solve math problems or study
the signs of the roots (solutions of the
quadratic equation).

@ For problems where the signs of the two solutions of a quadratic

equation are known, form and solve simultaneous inequalities based on the

conditions.
\Q J
(i)  Twodistinct positive solutions: = D>0, a+ >0, af>0
(ii) Two distinct negative solutions: = D>0, a+ <0, af>0
(iii) Solutions with different signs: = AB<0@------c-ceieiaaao o --- Discriminant D is not needed.

\_
If the quadratic equation x? — 2mx + m + 6 = 0 has two distinct negative

solutions, find the range of values for the real number m.

Explanation ( h
Common

Let a, S be the two solutions of this quadratic equation, and D be the

From a+ f<0,-2m<0
discriminant. Therefore, m>0

You forgot the negative sign in

FromD > 0, (=2m)* —4X1X(m+6)>0 the formula.

4m? —4m —24 >0
m> —m-—6>0
(m-3)(m+2)>0
Therefore, m < —2orm > 3......(Q)
Froma+ <0, 2m <0
Therefore, m < 0...... (ii)

Fromaff >0,m+6 >0

Therefore, m > —6...... (iii) i)
. ; \ao i)

Finding the common range of (i), (ii), and (iii), ® - - - - - - - -« oo eomem

weget—6 <m<—2

Chapter 3 — Complex Numbers and Equations




3-11 — Signs of Two Solutions

m ( A& Work witha partner)
Collaborate with your group to solve

Solve the following problems the try section then discuss the

answer.

n If the quadratic equation x? + 2mx + m + 2 = 0 has two distinct positive

solutions, find the range of values for the real number m.
a If the two solutions of the quadratic equationx> —(m —3)x—m—4=0

have different signs, find the range of values for the real number m.

Solve the following problems.

n If the quadratic equation x? + 2(m — 1) x + 2m? — 5m — 3 = 0 has two
distinct positive solutions, find the range of values for the real number m.
a If the two solutions of the quadratic equation x? + 4kx — k — 3 = 0 have
different signs, find the range of values for the real number k.

a If the quadratic equation x? + kx + 2k + 5 = 0 has two distinct negative

solutions, find the range of values for the real number k.

* Challenge

In a battery production factory, the efficiency
factor x depends on a design parameter m. |
The relationship between efficiency and the &
design parameter is modeled by the quadratic
equation:

X2+(m+Dx+m+4=0

If the equation has two distinct real solutions,
analyze the range of values for m in each case:
(a) When both solutions are positive,
representing successful efficiency levels of the battery.

(b) When both solutions are negative, representing failure in performance.

(c) When one solution is positive and the other is negative, representing opposite
behaviors of the battery (success in one case and failure in another).

______________________________________________________________________________________________

Reflect
How can analyzing the properties of an equation (such as knowing the number of its
roots or their relation to the sum and product of the roots) without fully solving it

help you understand mathematics better?

o ————————— e
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Remainder Theorem (1)

Chapter 3 Complex Numbers and Equations

3-12

MATHEMATICS

In economics and social sciences, researchers often use
polynomial regression models to analyze and predict
trends. For example, economists may study how
unemployment rates change over time, or how income
distribution shifts across different social groups. Polynomials provide a flexible way to
approximate complex data patterns and forecast future outcomes. Remainder Theorem:
Allows quick evaluation of the model at a specific year, such as predicting unemployment
in year 5 by calculating P(5). Factor Theorem: Helps identify when the model reaches
zero, for example, when poverty rates drop to zero. Synthetic Division: Provides a fast

method to test values and simplify calculations when analyzing large datasets.

Guiding Question: How can polynomial theorems help economists and social

scientists test values and predict future trends efficiently?

fm )

° Remainder Theorem

The remainder when polynomial P (x) is divided by the linear expression
v

The remainder when a polynomial P (x) is divided by the linear expression
/b
ax—bisP | =
wbor (g)
Example: Remainder when P (x) is divided by x — 4 is P (4)

Remainder when P (x) is divided by 4x + 3 is P (—%)
. _ _J

Solve the following problems.

n Find the remainder when 3x* — 8x3 — 5x2 + 12 is divided by 3x — 2
a If the remainder when x* + ax? + 3x + 1 is divided by x + 3 is 4, find the value

of a.

n Let P (x) = 3x* — 8x3 — 5x2 + 12 The remainder when divided by 3x — 2 is: ® - - - Substitute x = g

O RNORC RO

=8

Chapter 3 — Complex Numbers and Equations

Learning Outcomes

Apply the Remainder Theorem to
divide polynomials efficiently.

Use the Remainder Theorem to solve
mathematical problems involving
polynomial functions.

X—QiSP (@) @------rccrrm ettt -

fPx)+(x—a)=Q(x)+R,
PxX)=Qx)(x—a)+R.
Therefore, P(a) = Q(a)(a —a) + R

becomes 0




3-12 — Remainder Theorem (1)

a Let P (x) = x3 + ax? + 3x + 1 The remainder when divided by x + 3is: ® - ----- - !
P(-3) = (-3 +ax (=3 +3x(=3)+1
=9a - 35 e ~N
Therefore, 9a — 35 = 4 Misconceptions

Substitutex = -3

Solving this gives a = E Divisor confusion: Students may
3

substitute the wrong value (e.g., use

2
m x = 2instead of x = Efor 3x—2).
- J

Solve the following problems. [ (& Work with a partner )

n Find the remainder when x3 — 5x2 + 4x — 1 is divided by 2x — 1
a If the remainder when x3 + ax? + 3x + 1 is divided by x - 3 is 1, find the
value of a.

Collaborate with your group to solve
the try section then discuss the

answer.

-
A\

Solve the following problems.

Find the remainder when x3 + 2x? — 3x — 4 is divided by x + 2

Find the remainder when 3x3 + 2x? — 5x + 6 is divided by x — 1

Find the remainder when 6x* — x? + x — 2 is divided by 3x — 2

Find the remainder when 4x3 — 2x? — 4x + 3 is divided by 2x + 1

If the remainder when x3 —x? 4+ ax—4is divided by x + 1 is -2, find the value of a.

If the remainder when x3 + 4x2 — 5x + a is divided by x + 3 is 8, find the value of a.

(] afu]+sJo]n]el

If x3 — 3x2 + 4x + a is divisible by x — 2, find the value of a.

* Challenge

A researcher models the income distribution
of a community with the polynomial:

PXx)=2x>=3x2+ax+6

where x represents the number of years since
a new economic policy was introduced.

For the model to be valid and stable, it must be divisible by the condition:
(2x+1)

which represents a fairness constraint in the system.

1. Find the value of a that ensures divisibility.

2. Discuss mathematically:

« What changes if the divisor were instead (x + 2)?

« How does the choice of divisor affect the possible values of a?

« Can a single polynomial be divisible by more than one linear factor at the same
time? Under what conditions?

Chapter 3 — Complex Numbers and Equations
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Remainder Theorem (2)

Chapter 3 Complex Numbers and Equations

T

MATHEMATICS

f N\ [
m Learning Outcomes
Apply the Remainder Theorem to
T . . _ _ divide polynomials efficiently.

0 If P (x) is divided by a quadratic expression (x — a) (x — ), Use the Remainder Theorem to solve
Let the quotient be Q (x) and the remainderbeax+b e ------------ ?;;:Zn;ai;csnctfggslems involving
ExpressitasP (X) = (x— @) (x — H)Q(x) +ax+b ® - - == \

° (x — @) (x — B) Q(x) becomes 0 whenx = aorx = Sis substituted. : The degree of the remainder must

\_ . " ""J """ belowerthan the degree of the
w divisor.
If a polynomial P(x) is divided by x - 1, the remainder is 3, and when divided by A=BxQ+R
x + 3, the remainder is - 5. Find the remainder when P (x) is divided by x? + 2x — 3
Explanation
Let the quotient be Q (x) and the remainder beax + b when P (x) is divided by
x*+2x-3
P(x) = (x2 +2x—3)Q(x)+ax+b .________________________________________,g Factorise the quadratic divisor.

PX)=(x—-1)x +3)Q(x)+ax+b

Since the remainder when divided by x —1is3,P (1) =3

PA1)=0-1DA+3)Q@1) +a+b

=0

Since the remainder when divided by x + 3is —5, P (—3) = =5

P(-3)=(-3-1)(-3+3)Q(-3) —3a+b

Solving the simultaneous equations (i) and (ii) givesa = 2, b =1

Therefore, the required remainderis2x + 1

Chapter 3 — Complex Numbers and Equations




3-13 — Remainder Theorem (2)

m ( A& Work witha partner)
Collaborate with your group to solve

the try section then discuss the

If a polynomial P(x) is divided by x - 2, the remainder is 3, and when divided by
answer.
X + 3, the remainder is -7 Find the remainder when P (x) is divided by x> + x — 6

Exercise

Solve the following problems.

n If a polynomial P (x) is divided by x - 1, the remainder is 5, and when divided by
X +2, the remainder is -1 Find the remainder when P (x) is divided by (x — 1) (x + 2).
a If a polynomial P (x) is divided by x - 2, the remainder is 4, and when divided by

x+ 3, the remainder is —11 Find the remainder when P (x) is divided by x> + x — 6

* Challenge

A polynomial P (x) is divisible by x — 1, and leaves a remainder of —4
when divided by x + 3 Find the remainder when P (x) is divided by
x?+2x-3

Chapter 3 — Complex Numbers and Equations
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Remainder Theorem (3)

Chapter 3 Complex Numbers and Equations

3-14

MATHEMATICS

( N [ )
m Learning Outcomes
Apply the Remainder Theorem to
T . . divide polynomials efficiently.
If P (x)is divi ratic expression (x — @) (x — ),
° ( ) s divided by a quad atic expressio ( )( ﬁ) Use the Remainder Theorem to solve

mathematical problems involving

Let the quotient be Q (x) and the remainderbeax+b ® - - - - polynomial functions,

ExpressitasP (x) = (x — @)(x — f)Q(x) + ax+ be ...

\- ) The degree of the remainder must
||‘l """"""""" be lower than the degree of the
l| ................... divisor.

A polynomial P (x) leaves a remainder of 7x + 6 when divided by x* — x — 6, and

4x — 3 when divided by x? + 2x — 3 Referto1-5A =BXQ+R

Find the remainder when P (x) is divided by x? + x — 2

Explanation

Let the quotient be Q (x) and the remainder be ax + b when P (x) is divided by
x> +x-2
Px)=(x*+x—-2)Q(x)+ax+b
=(x+2)(x—1)Q(x)+ ax+ b.....(AQ)
Let the quotient be Q,(x) when P (x) is divided by x> — x — 6
Since the remainderis 7x + 6,
P(x)=(x*—x-6) Qi (x)+7x+6
=(x+2)(x=3)Q:1(x)+7x+6
Here, P (—2) = —14+ 6 = —8 Also from (i), P (—=2) = —2a + b
Thus, —2a + b = =8...... (ii)
Similarly, let the quotient be Q, (x) when P (x) is divided by x* + 2x — 3 Since the
remainder is 4x — 3,
P(x) = (x*+2x—3) Qa(x) + 4x—3
=(x—-1x+3)Qx(x)+4x—3
Here, P(1) =4 -3 =1Alsofrom (i), P (1) = a + b. Thus, a + b = 1...... (iii)
Solving the simultaneous equations (ii) and (iii) givesa = 3, b = —2

Therefore, the required remainderis 3x — 2

Chapter 3 — Complex Numbers and Equations
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m ( A& Work witha partner)
Collaborate with your group to solve

A polynomial P(x) leaves a remainder of 3x + 2 when divided by x2 — x — 2, and TR RICIESE

answer.

7x — 6 when divided by x? +2x -3

Find the remainder when P(x) is divided by x> — 1

Exercise

Solve the following problems.
n A polynomial P (x) leaves a remainder of 2x — 2 when divided by x? — 2x — 3,
and - x + 7 when divided by x? - 4

Find the remainder when P(x) is divided by x> — x — 2

a A polynomial P (x) leaves a remainder of - x + 4 when divided by x> — 3x + 2,
and 3x when divided by x2 - 4x + 3

Find the remainder when P(x) is divided by x?> — 5x + 6

a A polynomial P(x) leaves a remainder of x — 5 when divided by (x+1)?, and
6 when divided by x -2

In this case, find the remainder when P(x) is divided by (x + 1)?(x — 2)

* Challenge

Evaluate exactly what the remainder will be when x*” + 57
is divided by x+1

Chapter 3 — Complex Numbers and Equations
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Synthetic Division

Chapter 3 Complex Numbers and Equations
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MATHEMATICS

Using Synthetic Division, find the quotient and remainder when x* + 5x + 11 is

divided by x + 2

Explanation

Steps for Synthetic Division

@ Extract the coefficients of x* 4+ 5x + 11 ®

1 0 5 11

@ Since dividing by x + 2, write —2 @

2]

0 5 11

e N (
m Learning Outcomes
Use synthetic division to simplify and
@ When dividing a polynomial by a linear expression x — a, using divide polynomials.
Synthetic Division makes it easy to find the quotient and remainder.
- J Misconceptions

Forgetting to insert a zero coefficient
for missing terms (like the x* term)
Mixing up the quotient coefficients
with the remainder.

Since there is no x? term, the

coefficient is 0

@ Bring down the first number 1 as is, multiply by —2 written on the left, and

write the answer in the second row.

-2 1 0 5 11
| e
)
1
@ Add the two numbers vertically.
-2 | 1 0 5 11
-2
1 -2

@ Repeat steps @ and @ until the right end of the 3rd row is filled.

-2 | 1 0 5 11
-2 4 -18
1 ) 9 -7 @ - -t

When dividing by x — a, write the

value of a on the left.

Therefore, the required quotient and remainder are:

Quotient x? — 2x + 9, Remainder —7

Chapter 3 — Complex Numbers and Equations

From right to left: Remainder,
Constant term of Quotient,
Coefficient of x, Coefficient of x2, ...

Coefficient of x".
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m C A& Work with a partner)
Collaborate with your group to solve
Using Synthetic Division, find the quotient and remainder when A is divided by B the try section then discuss the

answer,
for the following polynomials Aand B.

@A=x>+5x—6,B=x—-1 (b)A=3x3-5x>-3x—1,B=x-3

Using Synthetic Division, find the quotient and remainder when A is divided by B

for the following polynomials A and B.
(@A=x>-5x+6,B=x—-2 b)A=x3+2x>-x—-3,B=x—-1

(c)A=4x>—-2x+2,B=x—-1 (dA=3x*+5x>-2x—12, B=x+2

% Challenge

The polynomial P (x) = 4x* — 4x3 — 11x? 4+ 12x — 3 has a horizontal intercept at

1
x= > with multiplicity 2. Find the other intercepts of P (x).
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Factor Theorem

Chapter 3 Complex Numbers and Equations
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MATHEMATICS

=

N\ [ A

Learning Outcomes

Apply the factor theorem to factorise

@ Factorisation using the Factor Theorem polynomials.
- J
If a polynomial P(x) is divisible by the linear expression x — a, it can be
factorised asP (X) = (X—A)Q (X) . @ « === ccccmmmmma e . ... Q(x)isthe quotient when P(x) is
divided by x — a.

0 In factorisation using the Factor Theorem, find a value a such that

P(a)=0
Values for a are easy to find by substituting

*(divisors of the constant term) in order.

Example: Divisors of the constant term 6 in x3+3x2+2x+6 are 1, 2, 3, 6

= Substitute +1, +2, + 3, + 6inorder.

. J

Factorise the following expressions.

(@) x’+2x>—x-2 (b) x* — 6x> + 8x2 + 8x — 16

Explanatlon Since the constant term is —2,

substitute =1, + 2in order.

(@) Let P () = X3 4 2X% — X — 2 @ -« = mmmmm e e e
P1)=1342x12-1-2

Can be factorised as

P)=(x-1)(.).
Dividing P (X) by X — 1, @ - - - ccc e .

PO =0x—1)(x*+3x+2) @---ccvurmmcomronnnne :

=x-Dx+1(x+2) . - - - Usesynthetic division

1 I -
1 3 2
1 3 2 |lo

e eeeee e Factorise the quadratic part.

Chapter 3 — Complex Numbers and Equations
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(D) LetP (X) =X* —6X3 + 8X2 + 8X — 16 @ = v o e omeee e e !
P)=2*-6x2+8%x22+8%x2—-16

Substitute +1, + 2, *+4...in order.

=0
Dividing P(X) byx — 2, @ == ---cmmm e 2l 1 =6 B B =16
PO)=(x—2)(x* —4x248) @ rrrrrrrrrrrsson e : 2 -& 0 16

1T oy E

LetQ(x) =x3 —4x? + 8 @ --cvccvmrmmmmnoci ittt
Q()=2>-4x%x2>+8
=0

Factorise the cubic part using the
Dividing Q(x) by x — 2, ® ------rmrmrmmmiaee e ] : Factor Theorem.

QM) =(x—2)(x*—2x—4)
Therefore, P (x) = (x — 2) (x — 2)(x? — 2x — 4)
Q)
=(x—2 (x?—2x—4) @---creeaaoonn

ool Substitute £1, £ 2, +4...in order.

2l 1 -4 0 8

; e 2 —4 —8
1 -2 -4 |0

Factorise the following expressions.

(@) x®—2x*—5x+6 (b) x* —x* —16x— 20 ) The quadratic part cannot be
() 2x3 —x>—5x—2 @3-32-x-2 factorised further, so answer as is.
(€)x*+3x3—27x2 +13x+42  (f)x* —4x> +8x% — 8x + 3 ’
m (&& work with a partner )
Collaborate with your group to solve

the try section then discuss the

Factorise the following expressions.

@x3—-7x—6 b) x> +4x2+x—6 L
©)x3+6x*+11x+6 (d) x> —3x+2

(e)x3+x?—8x—12 ) x> -3x2—9x-5

(g) 2x° —3x* —3x+2 (h) 3x* + x> —8x+ 4

() 2x3+7x*>+8x+3 () 2x3—7x>+3x+6

k) x3+4x2+2x—4 @D x3—3x2+2

(m) x* — 10x3 + 35x% — 50x + 24 (n) x* —5x3 —3x? +17x— 10

(0) 2x* — 5x3 — 20x? + 20x + 48 (P) x* —4x3 —4x?+13x—6

(@) x* —4x3+3x? +2x—6 @®x*—x3+x*+x-2

* Challenge

Let P (x) be a polynomial defined as:
P(Xx)=x*-3x3+ax?>+bx+12

Given that both (x — 1) and (x + 2) are factors of P (x) :
1. Find the exact values of the constants a and b.
2. Hence, determine all the roots of the equation P (x) = 0

Reflect

mathematics and real-world systems more deeply?

! How does breaking down polynomials into factors help us understand both

Chapter 3 — Complex Numbers and Equations
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High-Degree Equations

Chapter 3 Complex Numbers and Equations
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MATHEMATICS

Concept 3 - Higher- degree equations

In biomedical engineering, modeling physical structures

L ing Out
requires moving beyond simple flat lines or parabolas. earning Qutcomes

. . Solve higher-d tions.
When researchers design synthetic heart valves or PR el

model the blood flow velocity through a constricted
artery, the fluid dynamics change in complex, non-
linear ways. These phenomena are modeled using cubic
and higher-degree polynomial equations.

Unlike quadratic equations, which only model a single
peak or valley, a cubic equation can capture a system

that starts at a baseline, experiences a sudden surge
(like a heartbeat), and stabilizes back to equilibrium.

Guiding Question: How do the algebraic properties of cubic equations—such as
multiple turning points, repeated roots, and cube roots of unity—enable us to

model systems more accurately than quadratic equations?

" m 2\
o An n—th degree equation always has n solutions when considered
within the range of complex numbers (excluding cases with repeated
solutions).
o How to solve Cubic and Quartic Equations
0 Factorise
« For cubic equations: If it can be transformed intox* + a*> = 0 =
Usex3+a® =(x+a)x* —ax+ a?)
: Otherwise = Use the Factor Theorem .
« For quartic equations: If there are only x*, x2, and constant terms =
Treat x? as a chunk .
: Otherwise = Use the Factor Theorem .
@ Find the solutions
« The solutions for (x — a)(x — f)(x— y) = 0arex = aor for y
« For (x — a) (ax? + bx + ¢) = 0, if ax? + bx + ¢ cannot be factorised =
Use the Quadratic Formula.
The solutions in this case arex = a or btV b’ —dac
- - y,

Chapter 3 — Complex Numbers and Equations
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[

Solve the following equations.
(@)x*-8=0 (b)x3—2x>-5x+6=0

©)x*=7x>-18=0 (d)x*—6x3+8x*+8x—16=0

Usex® +a® =

(x+a) (x* —ax+a?)

Since x? 4+ 2x + 4 cannot be
factorised, find solutions using the

quadratic formula.

(@A) X3 =8 =0 @
(x—2)(x2+2x+4)=00------------------------------------------_
Therefore, the required solutionsarex = 2, —1 + /3i .

(B) x3—2X2—=5X4+6=0 @- -+ - v
(x—l)(xz—x—6):00----------------------------------------:
x—1Dx-3)x+2)=0
Therefore, the required solutionsarex =1, 3,—-2 oo

(€) X 7X2 18 = 0 @ v

Since formulas cannot be used, use

the Factor Theorem.

()" = 7x2—18 =0

Factorise the quadratic part.

(x*=9) (x*+2) =0

x2=90rx:2=-29

Therefore, the required solutions are x = +3, + 1/2i

(d) x4_6x3+8x2+8x_16=0. .......................

Since it’s a quartic equation with
only x*, x2, and constant terms,

factorise treating x* as a chunk.

(x—2)(x*—4x*+8)=0@

Solve each quadratic equation.

(x — 2)? (x? —2x—4)

Therefore, the required solutionsarex =2, 1+ /5 :

Use the Factor Theorem.

Solve the following equations.

Factorise the cubic part.
Since formulas cannot be used, use

the Factor Theorem.

(a) x®=-1 (b)3x3+x2—8x+4=0

(€)2x>—=3x2—x—2=0 (d)x3—x*—-16x—20=0

e)x*—5x*+4=0 (f) x* — 100 + 35x% — 506+ 24 =0

Since X2 — 2x — 4 cannot be
factorised, find solutions using the

quadratic formula.

\\§

( A& Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.
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Solve the following equations.

(a)x3 =27 (b) x3 = —-125

(©)8x3 =1 (d)x*+6x2+11x+6=0
(e)x*+3x>—4x—-12=0 (f)3x3 —2x>—3x+2=0
@x*—x>—4=0 (h)x>+4x*>+2x—4=0

@) x*—4x*4+9x-10=0 G)x*+x*—8x—-12=0

(k)2x® +7x>+8x+3=0 Mx>+6x2+12x+8=0

(m) x*—5x2-36=0 (n)x*—6x2—-27=0
(0)x*—x*?-2=0 (p) x* —9x* +29x> —39x+ 18 =0

(@Qx*—4x*+3x2+2x—6=0

% Challenge

COMPLEX INFLOW CONTROL VALVE
FLOW (LEFT) {x=1)

2
COMPLEX REGULATED
INFLOW FLOW OUTFLOW FLOW
(LEFT) (LEFT)

You have a household water tank. Water flows into the tank at different rates and
flows out at other rates, all depending on the pressure level x:

Inflow (increasing water):

xt+x%+x

Outflow (decreasing water):

x3+2

For the water level in the tank to remain perfectly stable.

1-Write the equation that expresses the balance between inflow and outflow.
2-Solve the equation to find the values of x that keep the water level stable.
3-Determine whether the solutions are only real numbers or if complex solutions
also exist.

Chapter 3 — Complex Numbers and Equations
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Determination of Cubic Equation

Chapter 3 Complex Numbers and Equations

3-18

MATHEMATICS

4 )
m Learning Outcomes

Solve higher-degree equations and
@ When a solution to a cubic equation is given, calculate by formulate cubic equations based on

given data.
substituting the solution into the given equation .
\_ J
If the cubic equation x® + ax? + bx + 5 = 0 has 2 + i as a solution, find the values
of real numbers a, b. Also, find the other solutions.
Explanation
Sincex =24 iisasolution, ® """ ---ctoooooooooooooooooooooooooooooooooos Substitute the solution.

QA+ +a@+)’ +b2+D+5=00 -comii

temeeaeaans Convert to a + bi form.

(Ba+2b+7)+(@a+b+11)i=0@------ccmmmmmmmmaaas

3a+2b+7=0
Therefore, :

Compare real and imaginary parts

4a+b+11=0 emmeeeeeaaaaa
of both sides (see 3-1).

Solving this givesa = —3,b =1

. - i3 2 -
In this case, the original equationisx” —3x“ +x+5=0@--------cooccooanne Since formulas cannot be used, use

Factorising the LHS gives (x + 1) (x> —4x+5) =0 the Factor Theorem.

Therefore, x=—1or 2+ i

Summarising the above:

a = —-3,b=1,and the other solutionsarex = —10r 2 — i ® -=-----------ceceomno. Do notinclude 2 + iin the answer.

-
m ( A& Work with a partner)
Collaborate with your group to solve

the try section then discuss the

Solve the following problems.
answer.

n If the cubic equation x* + 4x? + ax + b = 0 has -3 and 1 as solutions, find . y

the values of real numbers a, b. Also, find the other solutions.
a If the cubic equation x> + ax? + bx — 4 = O has 1 + i as a solution, find the

values of real numbers a, b. Also, find the other solutions.
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Solve the following problems.

n If the cubic equation x*> —ax? —x+ b = 0has-1and 2 as solutions, find the
values of real numbers a, b. Also, find the other solutions.

a If the cubic equation x3+ax?+ bx—-8=0has 1 and 2 as solutions, find the
values of real numbers a, b. Also, find the other solutions.

a If one solution of the cubic equation x* - kx? + (3k - 1)x- 24 =0is 2, find the
value of the real number k. Also, find the other solutions.

n If the cubic equation x* + ax* + bx — 20 = 0 has 1 — 3i as a solution, find the
values of real numbers a, b. Also, find the other solutions.

a If the cubic equation x% + ax? + bx + 10 = 0 has 1 + 2i as a solution, find the

values of real numbers a, b. Also, find the other solutions.

% Challenge

If the cubic equation x® + ax + b = 0 has 1 + +/2i as a solution, find
the values of real numbers a, b. Also, find the other solutions.
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Cube Roots of Unity
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MATHEMATICS

Find the cube roots of unity and apply

° A number that becomes 1 when cubed is called a cube root of unity. their properties in simplifying algebraic
expressions.

Learning Outcomes

One of these that is a complex not real number is denoted by w(omega).

@ o has the following properties:

o =1
5  Sincew?=1,03-1=0-
a)+w+1=0. .....................................................

wo-1)(@+w+1)=0

° In calculations using w, first use w* =1 to lower the degree of w. Sincew#1, w’+ w+1=0

After that, if w? and w remain, use w?’+ w + 1 = 0 to find the value of the

expression.
. J
m * Challenge
Let w be one of the imaginary cube roots of unity. Find the value of the following Evaluate the value of the following
. expression without expanding the
expressions. brackets directly:

(1-w+ o) (1+w- o)

(@)«  (b) '+ o’ (c)w+%

°
(a) o’ =(a)3)3 =1 =1 Create @® touse v’ =1
@ + sttt ittt a e a s e e e
b) '+ &° =0 X+ XD =w+ o =-1 e ]
[ 3 3 _

1 W +1 —w : Create w” touse w” =1
©w+— = =— =-1 | |

w w w : .

. : . )

m E --------------------------------------- Sincea)2+w+1:0’w+w2=_l
Let w be one of the imaginary cube roots of unity. Find the value of the following Sincew? +w+1=0,0*+1=-w

expressions.

(a) w10 (b) >+ w ©(1+ w) (1+ w?)

n Let w be one of the imaginary cube roots of unity. Find the value of the

following expressions.

(a) &? (b) @? + v* + o° (c)i+i+1
w  w?
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Cubic Equation with Repeated
Roots

MATHEMATICS Chapter 3 Complex Numbers and Equations

r
m Learning Outcomes

L ) . . Solve cubic equations with repeated
0 The problem of determining an equation so that a cubic equation has a roots.

3-20

repeated root is solved by first using the factor theorem to factor the

given cubic expression into the form (x — a) (x* + bx + ¢) .

Q There are two cases where (x — a) (x* + bx + ¢) = 0 has a repeated
root.

«Ifx2 + bx + ¢ = 0 hasx = a as a solution:

= Substitutex=qaintox? +bx+c=10

«1fx2 + bx + ¢ = 0 has a repeated root:

= Find the condition where the discriminant D of x2 + bx+ c= 0 becomes 0

\. J

Find the value of the constant a such that x3 - 2x2+ (a - 3)x+ a = 0 has a repeated

root.

LetP (x) =x% —2x2 + (@ = 3)X + Queeern(i) @ - - oo
i using the Factor Theorem.

actorisex® —2x* + (a —3)x+a

P(-1)=0

Therefore, P (x) = (x+ 1) (x*> — 3x + a)

(x+1) (x* = 3x+ a) = 0 has a repeated root when:

x* — 3x+a = 0hasx = —1 as a solution, orx* — 3x + a = 0 has a repeated root.

: 2 _ — —_
[1] Substitute x = —1iNtoX2 — 3X + G = 0 @ < - - === == =omm e e ffx? = 3x+a=0hasx=—-lasa

i solution:

(-1 =3%x(-1)+a=0

Solving this givesa = —4

In this case, (i) becomes (x + 1)? (x — 4) = 0, which satisfies the condition.

[2] When x? — 3x + a = 0 has a repeated root, let D be the discriminant of this
expression:

D=(=3—-4x1xa=0

9
Solving this givesa = "

. . 3\? . . .
In this case, (i) becomes (x + 1) (x — E) = 0, which satisfies the condition.

9
Therefore, the required values of a are a = —4, 2
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m C A& Work with a partner)
Collaborate with your group to solve

the try section then discuss the

Find the value of the constant a such thatx® —x? + (a —2)x+a=0hasa

answer,
repeated root.

Solve the following problems.

a Find the value of the constant a such that x3 - 7x2+ (a+6)x-a=0has a

repeated root.

a Find the value of the constant a such that x> — (@ + 1)x*> + (3a + 5)x—2a—5=0

has a repeated root.

a Find the value of the constanta such thatx® + 2a — 1)x? —3(@—2)x+a—6=0

has a repeated root.

% Challenge

Find the value of the constant a such that x* + (@ — 1)x? + (a — 3)x —
2a + 3 = 0 has a repeated root.

A quadratic equation (like x> + 1 = 0)might have no real solutions. Why does a cubic
equation (like x>+x+1=0) always have at least one real solution? What does this show

about the way these two types of equations behave?

e
. ____ 4
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Internal and External Division on a
Number Line

MATHEMATICS Chapter 4 Geometry and Equations

1-1

Concept 1 - Coordinate Geometry Basics

When a surgeon plans a minimally invasive robotic 6 h

surgery, precision is a matter of life and death. The Learning Outcomes

robotic arm must navigate through a three-dimensional A s cerehEes cidin dhviden

space inside the human body to target a tumor without point (internal and external) of a line

damaging surrounding healthy tissue, blood vessels, or
critical nerve endings.

segment on the number line.

(. J

To achieve this, the medical imaging software maps the patient's anatomy onto a precise
grid network. Every anatomical landmark, incision site, and surgical tool tip is assigned an
exact address of numerical coordinates. By tracking these mathematical positions, the
surgical system determines the optimal paths, distances, and boundary midpoints
required to execute the procedure safely.

Guiding Question: How does mapping physical space onto a grid of numbers allow
us to precisely partition paths, find balances, and safely navigate complex physical

environments?

4 m N

o On a number line, one real number a corresponds to point P. In this
case, ais called the coordinate of point P, and point P with coordinate a is
denoted as P(a).
o The distance AB between two points A(a) and B(b) on a number line is

. Since distance cannot be negative,
giveNnbyAB=|bD —@| @ ---------nmmmm L

e we use the absolute value.
o If point P is on the line segment AB such that AP:PB = m : n, point P is
said to divide the line segment AB internally in the ratiom : n. :
o If point Q is on the extension of the line segment AB such that AQ:QB = S R N e i
m : n, point Q is said to divide the line segment AB externally in the ratio
m:n. Ala) M.ﬂ. - \Q_-:
o Regarding the line segment AB connecting two points A(a) and B(b) on bt el
a number line:
(i) The coordinate of point P dividing segment AB internally in the ratiom :
na + mb na + mb —na + mb
nisP(—)' """""""""""""""""""""""""""" "t om+n m-—n
m+n

.. . . . . . Be careful with the order of

(ii) The coordinate of point Q dividing segment AB externally in the ratio o )
multiplication (cross-multiply).
. —na + mb
m:msQ(—)‘ """""""""""""""""""""""" T
m-—n AV~ A D

(iii) The coordinate of;flebmldpomt M is (since it divides segment AB AQ) A B(b)
internally in 1:1): M ( )
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For two points A( - 4) and B(8), find the following distances or coordinates.
(a) Distance AB between the two points.

(b) Coordinate of point C dividing segment AB internally in the ratio 2:1

(c) Coordinate of point D dividing segment AB externally in the ratio 2:3
(d) Coordinate of midpoint M of segment AB.

Explanation

(@ AB=[8 —-(-4)]

1x(-4)+2x8
(b) =4 Therefore, C(4)
2+1
=12
-3x(-4)+2x8
(c) ( 5 ; =-28 Therefore, D( - 28)
~4+8

(d)

For two points A( —5) and B(7), find the following distances or coordinates.
(a) Distance AB between the two points.

(b) Coordinate of point C dividing segment AB internally in the ratio 2:1
(c¢) Coordinate of point D dividing segment AB externally in the ratio 2:5
(d) Coordinate of midpoint M of segment AB.

Solve the following problems.

=2 Therefore, M(2)

n For two points A( - 2) and B(6), find the following distances or coordinates.

(a) Distance AB between the two points.

(b) Coordinate of point C dividing segment AB internally in the ratio 3:1
(c¢) Coordinate of point D dividing segment AB externally in the ratio 5:3
(d) Coordinate of midpoint M of segment AB.

a For two points A(4) and B(10), find the following distances or coordinates.

(a) Distance AB between the two points.

(b) Coordinate of point C dividing segment AB internally in the ratio 2:1
(c) Coordinate of point D dividing segment AB externally in the ratio 1:3
(d) Coordinate of midpoint M of segment AB.

Chapter 4 Geometry and Equations

C A& Work witha partner)

Collaborate with your group to solve

parts (c and d) then discuss the

answer.
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% Challenge

Position along trench wall

Sea level (0 km) i
i T
Q Hub M

ok

Subterranean Research Lab Infrastructure

A team of marine biologists is operating an underwater research
habitat anchored along a straight vertical trench wall. To track
positions along this deep-sea wall, they use a 1D reference axis
measured in kilometers relative to sea level (0 km).

Currently, two primary monitoring pods are anchored directly to the
trench wall:

Pod A is positioned at a depth of -8 km.

Pod B is positioned closer to the surface at a depth of =3 km.

Using your knowledge of coordinate division, calculate the exact
locations and spacing required to expand their research network:
(a) Fiber-Optic Tether Length

(b) Internal Environmental Sensor Array — Point C divides AB internally
in ratio 1:4

(c) External Deep-Trench Outpost — Point D divides AB externally in
ratio 3:4

(d) Emergency Supply Hub Location (M) — Midpoint M of AB

Chapter 4 Geometry and Equations
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Points on the Coordinate Plane

Chapter 4 Geometry and Equations

4-2

MATHEMATICS

m Learning Outcomes

. . . . . Determine the quadrant of a point on
o The coordinate plane is divided into 4 quadrants as shown in the figure
the coordinate plane.

on the right, excluding the coordinate axes.

_QuadrantI_

' y
Quadrant IT_ ‘

Solve the following problems. 0

- =Y

Quadrant 111 Quadrant IV

EJ Determine which quadrant the following points lie in.

(a) PointA(2,3) (b) PointB(2,-3) (c) PointC(-2,3)
(d) PointD(-2,-3)
a For point A( - 3, 2), find the coordinates of the following points.
(a) Point P symmetric with respect to the x—axis
(b) Point Q symmetric with respect to the y—axis

(c) Point R symmetric with respect to the origin

Explanation O [ S,

n Plot the points on the coordinate plane to visualize. ) Quageams L } () Qs el

(a) 1stQuadrant -2 0 2 x
(c) Quadrant 111} (d) Quadrant IV
(b) 4thQuadrant De —3 ep
(c) 2ndQuadrant
ya {.t;),mmu[ricr:vith 0
spect to the y-axis
(d) 3rd Quadrant £ . e 2rclpcc {iQ“ xis
a Change the sign of other coordinate. p
-3 0 3 X
(a) Point P symmetric with respect to the x—axis T SN .
. . P - R
Change the sign of the y—coordinate. (symmetric with (S‘i‘mmc[r\-‘\\'lth

respect to the x-axis)  respect to the origin)

P(-3, —2)

Change the sign of the x—coordinate.
QG. 2)
(b) Point Q symmetric with respect to the y—axis
(c) Point R symmetric with respect to the origin
Change the sign of the x—coordinate and the y—coordinate.

R(3, —2)
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— Points on the Coordinate Plane

Solve the following problems.
n Determine which quadrant the following points lie in. (L& work with a partner )
(a) Point A( -4, 2) (b) Point B(l, 2) (C) Point C(3, _ 2) Collaborate with your group to solve

(d) PointD(-3,-1)

question (2) then discuss the answer.

a For point A( - 1, 2), find the coordinates of the following points.

(a)
(b)
(o)

Point P symmetric with respect to the x—axis
Point Q symmetric with respect to the y—axis

Point R symmetric with respect to the origin

Solve the following problems.

n Determine which quadrant the following points lie in.

(a) PointA(-3,1) (b) PointB(2,-8) (c) PointC(4,4)
(d) PointD(-6,-4) (e) PointE(-2,6) (f) PointF(3,-3)

(8)

Point G( - 5,-7) (h) PointH(1,4)

a For point A( - 4, - 2), find the coordinates of the following points.

(a)
(b)
(o)

Point P symmetric with respect to the x—axis
Point Q symmetric with respect to the y—axis

Point R symmetric with respect to the origin

a For point A(1, - 2), find the coordinates of the following points.

(a)
(b)
(o)

Point P symmetric with respect to the x—axis
Point Q symmetric with respect to the y—axis

Point R symmetric with respect to the origin

n For point A( - 3, 4), find the coordinates of the following points.

(a)
(b)
(o)

Point P symmetric with respect to the x—axis
Point Q symmetric with respect to the y—axis

Point R symmetric with respect to the origin

f % Challenge 7

A robotic welding arm is — )
programmed at point A(-3, 4) on a

metal sheet. To weld identical

support brackets, the arm must -
mirror this point:

(a) Point P symmetric with respect _

to the x-axis

(b) Point Q symmetric with respect to the y-axis
(c) Point R symmetric with respect to the origin
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Distance Between Two Points

Chapter 4 Geometry and Equations
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MATHEMATICS

4 N
m Learning Outcomes

Calculate the distance between two

o The distance AB between two points A(x1, y1 ) and B(xz, y2 ) is
Vo —x1)? + 3, —y1)?

° In problems where the distance between 2 points is known,

points.

square both sides . =

\_ Yy, »
A' 4
n ¥ ‘ ]

A" [ x2=x1 |

Solve the following problems.

oy

0 X1 Xz

n Find the distance between the following 2 points. A (2, 6), B(5, 10)
Use the Pythagorean theorem.

a If the distance between points A(3, - 2) and B(x, 1) is 5, find the value of x.

Explanation a Since the distance between 2

n V/(5-2+(10-6) pointsAand Bis 5,
=3+ 4 VE—32+{1—(—2)P =50 - - square both sides.

_s (x=3Y+{1—(-2))=25

Solving this, x = -1, 7

5

Solve the following problems.

(“ Work with a partner)

n Find the distance between the following 2 points.

Collaborate with your group to solve

(a) A4, 3), B(1, 2) (b) A(V/3,-1),B(0,1) (c) Origin 0,A(2,-4)

question (2) then discuss the answer.

a If the distance between points A(-1, 3) and B(x, 1) is 1/5, find the value of x. ~ )

m v

If the distance between the two
points (x,7) and (3x-1, -5) equals 13
length units, then find the value(s)
of x.

Solve the following problems.

n Find the distance between the following 2 points. \. J

(@ A(,2),B11,7) () A3, -1),B(-1,3) (c) Origin0,A(-3,4)
a If the distance between points A(3,-1) and B(x, 2) is 5, find x.

a If the distance between points A(1,-3) and B(-2, y) is v/13, find y.

n If the distance between points A(-4, -2) and B(x, 3) is 5v/5, find x.

Chapter 4 Geometry and Equations




4-4 — Points Equidistant from Two Points

Points Equidistant from Two Points

Chapter 4 Geometry and Equations
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MATHEMATICS

~
m Learning Outcomes

Determine the position of a point

o To find a point equidistant from two points, assign variables to its equidistant from two points.

coordinates based on the given conditions.

Point on x—axis = The required pointis ( s, 0)
Point on y—axis = The required pointis ( 0, t)

Pointon liney = ax + b = The required pointis ( s, as+b)

M'i _/

Solve the following problems.

n Find the coordinates of point P on the x-axis equidistant from 2 points A( - 2, 1)
and B(3,4).
a Find the coordinates of point Q on y =2x - 1 equidistant from 2 points A(1, 4)

and B(3,1).

n Let the coordinates of point P be (s, 0). y i
Since it is equidistant from 2 points A(-2, 1) and B(3, 4), !
AP = BP
VE- (P + (1P =/G =37+ (47 -
5= (=2 +H(=17 = (s-3)" +(—4p? of rso) ¥
Simplifying and solving this gives s= 2
Therefore, the required coordinates is P(2, 0).

a Let the coordinates of point Q be (s, 2s—1). v -
Since it is equidistant from 2 points A(1,4) and B(3, 1), § y=2esd
AQ =BQ #Q(s,25—1)
V=17 +{@s— D) 4P =/s— 32 + {2 - 1) - 1P Cena
(s—1)” +{(2s—1) — 4F = (s=3)” +{(2s—1) — 1}’ 0 X
Simplifying and solving this gives s = % -

13 9
Since the required point is ony= 2x—1, Q (E’ Z)

Chapter 4 Geometry and Equations
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Solve the following problems.

C“ Work with a partner)

Work with your colleagues

n Find the coordinates of point P on the y-axis equidistant from 2 points A(4, 2)

and B(1,-1).

a Find the coordinates of point Q on y =3x+ 1 equidistant from 2 points A(4, -

5)and B(2,-3).

Solve the following problems.
n Find the coordinates of point P on the x-axis equidistant from 2 points A( - 1,

2)and B(4, 3).

a Find the coordinates of point P on the y-axis equidistant from 2 points A( - 5,
2)and B(3,5).

a Find the coordinates of point P on the x-axis equidistant from 2 points A( - 1,
2)and B(3, 8).

n Find the coordinates of point Q on y = 2x - 3 equidistant from 2 points A(1, 4)

and B(3,-2).

B Find the coordinates of point Q on y =x - 1 equidistant from 2 points A( - 1,

5)and B(7,-1).

a Find the coordinates of point Q on y =-x+ 1 equidistant from 2 points A(1, 2)
and B(-3,6).

* Challenge

IfA(2,1), B (4,5), C(3,y) and D (x,0) such that CA=CB and DA = DB, then
find CD.

Chapter 4 Geometry and Equations
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Internal and External Division
Points on the Coordinate Plane

MATHEMATICS Chapter 4 Geometry and Equations

~
m Learning Outcomes

Find the coordinates of the division

4-5

o Regarding the line segment AB connecting two points A(x;, y; ) and B(

point (internal and external) of a line

X2, V2 ) on the coordinate plane: segment on the coordinate plane.

(a) The coordinates of point P dividing segment AB internally in the

nx; + mx, ny;+ myz)

ratiom : n are ( ,
m+n m+n

na 4+ mb —na + mb
. m+n m-n

(b) The coordinates of point Q dividing segment AB externally in the

Pay attention to the order of
multiplication.

—nxl + mx2 —nyl + myz).

ratiom : n are ( ,
m-—n m-n

(c) Since the midpoint M divides segment AB internally in the ratio 1:1,
X;tX, Y1ty

2 ’ 2
o The coordinates of the centroid G of AABC with vertices A(

its coordinates are M (

X1, ¥1), B(x2, y2),and C(xz, y3 ) are:
N <x1 +X+X3 Y1 +Y, +y3>

3 ’ 3
_ _J

Given three points A( -2,-3), B(3, 7), and C(5, 2), find the coordinates of the
following points:

(a) Point P dividing segment BA internally in the ratio 1:2
(b) Point Q dividing segment BC externally in the ratio 1:3

(c) Midpoint M of segment CA
(d) Centroid G of triangle ABC

Explanation

(a)(szlx(_z),2X7+1X(_3)),50P(E,E)
+ 2 1+2 373
—3X34+1X5 —-3X74+1X2 19
(b)( 1-3 ’ 1-3 ):SOQ(2’7)
54+(=2) 2+4+(-3) 3 1
(©)( B 5 )’SOM(E’_E)

—2+3+5 —3+7+2
3 ’ 3

(@ ( ), 50 G(2, 2)
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Given three points A( -3, 4), B(1,-4), and C( - 4, 3), find the coordinates of the

(“ Work with a partner)

Collaborate with your group to solve

following points:

n Point P dividing segment AC internally in the ratio 3:1 question (3 and 4) then discuss the

answer.

a Point Q dividing segment BC externally in the ratio 2:3

a Midpoint M of segment AB
n Centroid G of triangle ABC

Solve the following problems.

n Given three points A(2, 3), B(2,-3), and C( - 2, 3), find the coordinates of the
following points:

(a) Point P dividing segment AB internally in the ratio 4:1

(b) Point Q dividing segment BC externally in the ratio 2:3

(c) Midpoint M of segment CA
(d) Centroid G of triangle ABC

n Given three points A( -2, 1), B(6,-3),and C(1, 7), find the coordinates of the
following points:

(a) Point P dividing segment BC internally in the ratio 3:2

(b) Point Q dividing segment CA externally in the ratio 3:2

(c) Midpoint M of segment AB

(d) Centroid G of triangle ABC

a Given three points A( -4, 5), B(1,-5), and C(3, 0), find the coordinates of the
following points:

(a) Point P dividing segment BA internally in the ratio 1:2
(b) Point Q dividing segment BC externally in the ratio 1:3
(c¢) Midpoint M of segment BC
(d) Centroid G of triangle ABC

% Challenge

If A (-2,3), B (6,1) and C (0, y), such that CA=CB, then find the
coordinates of the centroid G of triangle ABC.
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Symmetric Points

Chapter 4 Geometry and Equations
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MATHEMATICS

-
Learning Outcomes

o Two points B, C are symmetric with respect to point A < Point Ais the

Determine the symmetric point.

midpoint of segment BC. When finding symmetric points, first draw a
diagram to understand the relative positions of the points. Next, let the B 5

required coordinates be (s, t) and express the midpoint in terms of s, .
\_ J

Find the coordinates of point B symmetric to point A( - 3, 2) with respect to point

P(2,6)

Explanation

Let the coordinates of point B be (s, ).

The coordinates of the midpoint of segment AB can be expressed as

345 2+ t) Express the midpoint in terms of
_— @ ----cccccccccccccccccccccccccccceecccesccceeccsscccnnnenod
2 72

(

s, t.

Since this coincides with point P(2, 6),

-
B
. 2) (2,8) (s, )

e

-3 !
+s_, .
2 (-3
2+t

_=6

2

Solving this givess = 7,t = 10

Therefore, the required coordinates are B(7, 10).

Solve the following problems.

( A& Work with a partner)
a Find the coordinates of point B symmetric to point A(1, - 2) with respect to Collaborate with your group to solve

point P(2, 3). question (2) then discuss the answer.

a Find the coordinates of point Q symmetric to point P(3, 2) with respect to
pointA( -1,5).
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Solve the following problems.
n Find the coordinates of point B symmetric to point A( - 3, 1) with respect to

point P(2,0).

a Find the coordinates of point B symmetric to point A(7, 4) with respect to
point M( - 3,5).

B Find the coordinates of point B symmetric to point A(4, - 8) with respect to
point P( -3,2).

n Find the coordinates of point Q symmetric to point P(0, — 4) with respect to

pointA( -4,1).

a Find the coordinates of point B symmetric to point A( — 4, 2) with respect to

point P( - 1,-3).

% Challenge

If the points B (m, 5), C (4, n) are symmetric with respect to the point A
(1,-1), then find m +n.

Reflect
If we change the ratio of dividing a line segment, how will the position of the point on
that line change? And how does thinking about ratios and reference distances help us

understand locations in mathematics and in everyday life?

~ -
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Shapes of Triangles

Chapter 4 Geometry and Equations
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MATHEMATICS

Concept 2 - Triangles and Lines

In modern medicine, precisely locating a target inside .
Learning Outcomes

the human body is a matter of life and death. During U dinates to determine "
Se coordainates to aetermine types o

Stereotactic Radiosurgery, multiple narrow beams of

triangles (isosceles, right-angled, etc.).

radiation are aimed from different angles to intersect

precisely at a tumor.

By modeling these radiation beams as straight lines in a three-dimensional coordinate
system, medical physicists calculate their exact equations to ensure they intersect at a
single point (the tumor) while minimizing damage to the surrounding healthy tissue. If
the lines do not intersect correctly, or if they form an accidental triangle around the

tumor instead of meeting exactly at a point, the treatment fails.

Guiding Question How can we use the algebraic equations of straight lines to
guarantee that multiple paths intersect at a single, exact target point, and how do

we determine the geometric boundaries of the areas they influence?

=D

o To determine the shape of AABC, calculate (AB)2, (BC)?, and (CA)2.

o In AABC:

If (AB)2 = (BC)* = (CA)*, AABC is an Equilateral triangle . B o

(AC)*=(AB)*+(BC)?

B

=l

If (AB)2 = (BC)2 # (CA)2, AABC is an Isosceles triangle .

If (AC)2 = (AB)* + (BC)?, AABC is a Right-angled triangle .

Note: If both conditions are met, itisan Isosceles right-angled triangle .

- J
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[

Determine the shape of AABC with vertices A(4,9), B(0, 6), and C(3, 2).

Explanation

(AB)*= (0 — 4)2+(6 — 9)?

£ A(4,9)
| BO.6 a7
=25...... ) v
(BC)’= (3 —0)2+(2 — 6)2
003, 2)
=25 ...... (i)
(CAY’= (3 — 4)>+(2 - 9)?
=50 ...... (iii)
From(i)and (ii), AABC is an isosceles triangle.
From(i), (ii), and (iii), since (CA)? = (AB)? + (BC)%, AABC is a right-angled triangle.
Therefore, AABC is an Isosceles right-angled triangle with 2B =90°.
Solve the following problems.
C“ Work with a partner)
n Determine the shape of AABC with vertices A( -1,2),B(1, 1),and C(0, 4).
Collaborate with your group to solve
a Determine the shape of AABC with vertices A(3,2), B(-1,0), and C(1 +4/3, question (2) then discuss the answer.
1-2/3).

Solve the following problems.

n Determine the shape of AABC with vertices A(0,2),B(-1,-2),and C(4, 1).
a Determine the shape of AABC with vertices A(2,2), B(2,0),and C(v/3+2,1).
B Determine the shape of AABC with vertices A(1, 2), B(5, 8),and C(11, 4).
n Determine the shape of AABC with vertices A( -3, 4),B(1,7),and C(3,-4).

B Determine the shape of AABC with vertices A( -1, 1),B(4,2),and C(1, 4).

% Challenge

If A(1,2), B (2k, k) and C (4,5) and the triangle ABC is an isosceles and
right triangle at B, then find k.
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Chapter 4 Geometry and Equations

MATHEMATICS

Equation of a Straight Line

(EXR

o Equation of a line parallel to an axis
« The equation of a line passing through point (x;, y; ) and parallel to
the x—axisisy =y,
« The equation of a line passing through point (x;, y; ) and
perpendicular to the x—axis isx = x;
« The equation of a line passing through point (x;, y; ) and parallel to
they—axisisx = x;

« The equation of a line passing through 2 points (x;,y; ) and (x;, y1 ) is

o If the gradient and a point on the line are known, the equation of the
line can be determined.
« The equation of a line passing through point (x;, y; ) with gradient ais

y—y, =alx—x).

+ The gradient of a line passing through 2 points (x;,y1) and (x2, y2)(x1 # x2)

isa=y2—-y1 O - e R
X —X :

.

Find the equations of the following lines.

(a) The line passing through point (3, - 4) and parallel to the x-axis
(b) The line passing through point ( - 3, 8) and parallel to the y-axis
(c) The line passing through two points (-3,1)and ( -3, 2)

(d) The line passing through two points ( -2,3)and ( -5, 3)

(e) The line passing through point (2, - 1) with gradient 3

(f) The line passing through two points (1,-1) and (4, 0)

Chapter 4 Geometry and Equations

Learning Outcomes

Find the equation of the straight line in

its different forms.

The y-coordinates of the 2 points are

=i equal.

-i The x-coordinates of the 2 points are

equal.

(JQ, _}’2)',"’
' ,.1"_..“

-

()Cl,}’l)_'.-"""

X2—Xi

//,
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Explanation

(@) y=-4

(b) x=-3

(¢) Since the x-coordinates of the 2 points are equal,
x=-3

(d) Since the y-coordinates of the 2 points are equal,
y=3

() y—(-1)=3(x-2)

Express the equation in the form

y=mx+k.

Find the equations of the following lines.

n The line passing through point (2, 6) and parallel to the x-axis

n The line passing through point (3, 5) and perpendicular to the x-axis
a The line passing through two points ( -2,-2) and (2, -2)

n The line passing through two points ( -4,2)and ( -4, 8)

a The line passing through point ( - 3, 4) with gradient 2

a The line passing through two points ( -2,-6) and ( -4, 1)

Chapter 4 Geometry and Equations

2=

X2 — X1

( A& Work with a partner)

Collaborate with your group to solve

questions (5 and 6) then discuss the

answer.
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Solve the following problems.
n Find the equations of the following lines.

(a) Theline passing through point (-4, 5) and parallel to the x-axis

(b) The line passing through point (2, 1) and parallel to the x-axis

(c) Theline passing through point (-4, -7) and parallel to the x-axis
(d) The line passing through point (1,-2) and perpendicular to the x-axis
(e) Theline passing through point (-3, -4) and perpendicular to the x-axis
(f) Theline passing through point (3, -5) and perpendicular to the x-axis
(g) Theline passing through point (2, -7) and parallel to the y-axis
(h) The line passing through point (4, 3) and parallel to the y-axis
(i) Theline passing through point (-6,-2) and parallel to the y-axis
(j) Theline passing through two points (4,0) and (4, 3)
(k) The line passing through two points (-1,2) and (-1, 6)
(1) Theline passing through two points (-5,-3) and (-5, 2)
(m) The line passing through two points (-2,3) and (-3, 3)
(n) The line passing through two points (4,-2) and (1,-2)
(0) Theline passing through two points (-3, 6) and (2, 6)
(p) Theline passing through point (-1, 5) with gradient -1
(@) Theline passing through point (-3, -8) with gradient 1
(r) Theline passing through point (2, -1) with gradient -2
(s) Theline passing through two points (1,2) and (3, 10)

(t) Theline passing through two points (-1,-8) and (4, 2)

" % Challenge '

An environmental research team is monitoring sea-level changes in
a sensitive coastal estuary. They have set up a grid system where:
The x-axis represents the distance from a central research station

The y-axis represents the local sea-surface height

During a tidal study, sensors at two different monitoring stations record
identical, stable sea-surface heights:

Sensor West is located at coordinates A(-4, 2).

Sensor East is located at coordinates B(9, 2).

To map the uniform boundary of this water level across the estuary, the
team needs to find the equation of the straight-line boundary
connecting these two sensors.

Chapter 4 Geometry and Equations
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Straight Line

MATHEMATICS Chapter 4 Geometry and Equations

Application of the Equation of a

( m
o An equation of the form ax + by + c= 0(wherea# 0 or b #0) also
represents a straight line.

o The equation of a straight line can be found when

the gradient and a point on the line are known.

+ The gradient of a line can be found using two points on the line .

. J
r
Hr

Solve the following problems.

a Given that three points A(2, 3), B(4,-1),and C(a-1,2 - a) lie on the same
straight line, find the value of the constant a.

a Find the equation of the line passing through the intersection of 2 lines 2x -
3y+1=0andx + 2y—3 = 0, and passing

through point ( - 1, 3).

Explanation

n The equation of the line passing through 2 points A(2,3) and B(4,-1)is: @ - - - - -
-1-3

4-2

Simplifying this givesy = —2x + 7.. ... .()

y—3= (x—2)

Since (i) passesthroughC(a —1, 2 —a) : @ ---------mremrmmmrmmmmoreooeo s _

2—a=-2(a-1)+7
Solving this givesa =7

B x-3y+1=0...00
XxX+2y—3=0 ...... (11).

Solving this system of equations givesx =1,y = 1@-----------ccoooo.

The equation of the line passing through 2 points (1,1) and ( - 1, 3) is:

3 —_11 .

Thatis, X+ y —2=0@--------ccmmmmmmm e

Chapter 4 Geometry and Equations
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Learning Outcomes

The equation of the straight line in its
different forms, and its application in

geometric situations.

Find the equation of the line from 2
points whose coordinates are
known.

Substitute the coordinates of point
Cinto (i).

Solve the equations of the 2 lines
simultaneously to find the point of
intersection.

The coordinates of the intersection
of (i) and (ii)are (1,1).

Answer in the formax+ by +c=0
as in the question.
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Solve the following problems.
n Given that three points A(2,5), B(4,9), and C( - 1, a) lie on the same straight
line, find the value of the constant a.

a Find the equation of the line passing through the intersection of 2 lines
x+2y-10=0and 2x + 3y—7 = 0, and passing through point (5, 6).

Solve the following problems.
n Given that three points A(1,- 1), B( - 2, - 3), and C(4, a) lie on the same
straight line, find the value of the constant a.

a Given that three points A(1, 2), B(3, 1), and C(a, - 1) lie on the same straight
line, find the value of the constant a.

a Given that three points A( - 3,-9),B(5,7),and C(a + 3,3a - 2) lie on the
same straight line, find the value of the constant a.

n Find the equation of the line passing through the intersection of 2 lines
3x+5y-1=0and 7x + 8y — 6 = 0, and passing through point ( - 1, 2).

a Find the equation of the line passing through the intersection of 2 lines
x+2y-4=0and 2x—y — 3 = 0, and passing through point ( -3,-1).

" % Challenge 7

Robotic Needle Biopsy
Guidance

In robotic-assisted surgery, a
computer system guides a
biopsy needle to a deep-
seated tumor. The target
tumor is located at the precise
intersection of two diagnostic
imaging paths (modeled as
straight lines on a coordinate
grid, where 1 unit = 1 millimeter):

« Laser Scan Path A: 6x +5y+7=0

« Laser Scan Path B: 3x -2y +5=0

The Clinical Challenge:

The surgical robot's mechanical arm is anchored at the system's
coordinate origin (0,0) (the home calibration point). To perform the
biopsy, the robotic arm must insert a rigid needle along a perfectly
straight trajectory from the origin (0,0) directly to the tumor at the
intersection point.

The software engineers must calculate the exact linear equation of this
needle trajectory to program the robotic arm's path.

( A& Work with a partner)

Collaborate with your group to solve

question (2) then discuss the answer.
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Parallel and Perpendicular Lines

Chapter 4 Geometry and Equations
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MATHEMATICS

N\ [ N

~
m Learning Outcomes

Apply the conditions for parallelism
o An equation of the form ax + by + c= 0 (wherea # 0orb # 0) also and perpendicularity of straight lines

represents a straight line. to solve geometric problems.

- J

o Problems concerning parallel or perpendicular lines use gradients.
For2linesy=m;x+k;andy = myx+k; :
2 lines are parallel = m; = m,, that s, gradients are equal.

1
2 lines are perpendicular = m;= o that s,
2

gradients are negative reciprocals

o Solve problems concerning parallel or perpendicular lines by

transforming the equation into the formy = mx + k.

. J

-

Solve the following problems.

n Identify which of the following lines are parallel to each other and which are

perpendicular.
(@ y=2x+3 (b) y=-3x+2 (c) x=3y+1=0
(d) 2x—y-1=0 (e) x+3y+3=0
a Find the equation of the line passing through point (2, - 4) and parallel to
3x-2y+1=0
a Find the equation of the line passing through point ( -2, 5) and

perpendicularto3x+5y+1=0

Chapter 4 Geometry and Equations
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Explanation

n Find the gradientof each line. @ - - -+ -+ ovvivii

(a) y=2x+ 3,thegradientis2
(b) y= —3x+ 2,thegradientis—3
(c) x—3y+1=0

y= §x+ %, the gradient is %
d 2x—-y—-1=0

y = 2x — 1, the gradient is 2
() x+3y+3=0

1 1
= ——x — 1, the gradient is —=
Y 3 & 3

Therefore, the required parallel line

passes through point (2,-4) and has a

3
gradlent of ? @ - c et

y= (4 =2 (= 2)

Simplifying this gives

B ax+5y+1=00- oo

3 1 3
= —=x— —,the gradientis —=
y=TsrT 5 e 5

Therefore, the required perpendicular

line passes through point (-2, 5) and

5
has a gradient of 3 @

y-5=2pc— (-2)

Simplifying this gives 5x—3y4+25 =0 ®

Chapter 4 Geometry and Equations

i Choose those whose gradients are
i negative reciprocals.

Transform the equation into the

Choose those with equal gradients.

Transform into the formy = mx + k

- and find the gradient.

The gradient of a parallel line is the

i same.

’ Match the equation to the form in

i the question (ax + by + ¢ = 0).

i Transforminto the formy = mx + k

. and find the gradient.

" The gradient of a perpendicular line

i is the negative reciprocal.

’ Match the equation to the form in
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Solve the following problems.
n Identify which of the following lines are parallel to each other and which are (& work with a partner )

Collaborate with your group to solve

perpendicular.
(@ y=3x+1 (b) y=4x—1 () y=—4x—7
(d 6x—2y=5 (e) 8x+2y—-3=0 (f) x+4y—-4=0

question (1) then discuss the answer.

a Find the equation of the line passing through point (1, - 3) and parallel to
6x+3y-5=0

a Find the equation of the line passing through point (2, 1) and perpendicular
to2x+3y+4=0

Solve the following problems.
n Identify which of the following lines are parallel to each other and which are
perpendicular.

(@A) y=3x-1 (b) y=-3x+4 () y=x-3
(d) 6x+2y+5=0 () 2x—2y—1=0 ) x+3y—-2=0
a Identify which of the following lines are parallel to each other and which are
perpendicular.

— — 3
(@ y=2x-1 (b) y=—x+4 (€) y=3x+6
(d) x+y+3=0 () 2x+3y+8=0 ) 3x+6y—1=0
a Find the equation of the line passing through point (1, -2) and parallel to
2x-y+5=0
n Find the equation of the line passing through point (-1, 2) and parallel to
2x+3y=0
B Find the equation of the line passing through point (3, -1) and parallel to
3x+2y+1=0
n Find the equation of the line passing through point (2, -5) and perpendicular
to2x+y-1=0
Find the equation of the line passing through point (-1, 3) and perpendicular
to5x-2y+3=0

n Find the equation of the line passing through point (-2, -5) and
perpendicularto3x-2y-7=0

* Challenge

For the straight lines Ly:2x +3y - 10=0, Ly: kx -2y +5=0, L3:4x+ my - 1
=0, if Ly is perpendicular to L, and L, is parallel to Ls, then find m/k.

Chapter 4 Geometry and Equations




4-11 — Perpendicular Bisector and Symmetric Points with Respect to a Line

Perpendicular Bisector and
Symmetric Points with Respect to
MATHEMATICS a Line
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. ~N e N
m Learning Outcomes
o Since the perpendicular bisector of line segment (AB) is perpendicular Derive the equation of the
to line AB and passes through the midpoint of segment (AB), it is found by perpendicular bisector of a line
using the gradient of line (AB) and the coordinates of the midpoint of segment and identify the symmetry
segment (AB). points of a straight line, applying these
o To find the coordinates of point B(s, t), which is symmetric to point A concepts in geometric contexts.
with respect to line [, we express the following two conditions as equations ~ /
and solve them simultaneously: the line segment (AB) is perpendicular to ]
and the midpoint of (AB) lies on line [ A
\ _J G :.-"':
=i
‘
Solve the following problems. B

n Given points A(5, 11) and B(1, - 1), find the equation of the perpendicular

bisector of line segment (AB).

a Find the coordinates of point B symmetric to point A( — 4, 3) with respect to
line3x-y+5=0

Explanation

n The gradient of line (AB) is

The gradient of a perpendicular line

. . o1
= 3,so0the gradient of the perpendicular line |s—§ o-- | isthe negative reciprocal.
5+1 11-1 |

2

Also, the coordinates of the midpoint of segment (AB) are (
whichis (3, 5)
Therefore, the perpendicular bisector of segment (AB) is a line passing
through (3, 5) with a gradient of —%, so:
y=5= —%(x—S). Simplifying this givesx+ 3y — 18 =0

a Let the coordinates of point B be (s, t), and the line 3x — y+5 = 0 be L.

Transform lintoy = 3x + 5 to find

. . . t—3 . . ‘
The gradlel it of line (AB) IS _S , and the gradlent oflis3 @ ---------c-cono-n the gradient.
. w -3 1 :
Slnce ( B 1 H s 4 1 3 @ -ccccrootooooooomooommoosmoosoosooosooooenes The gradient ofa perpendicular line

Simplifying this gives s + 3t — 5 = 0......(1) Is the negative reciprocal.

. . . —44+s 3+¢, .
Also, since the coordinates of the midpoint of segment (AB) ( , — ) lieonle. -
Substitute
—4+s 3+t
xXxX= . = —
2 2
into the equation of [

Chapter 4 Geometry and Equations
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—4 t
2+S - 3%+5 = 0 Simplifying this gives 3s — t — 5 =10 ......(ii)

Solving (i) and (ii) simultaneously gives s = 2, t = 1 Therefore, the

3

coordinates of point Bare B(2, 1)

Solve the following problems.
n Given points A( - 1,2) and B(3, - 4), find the equation of the perpendicular
bisector of line segment (AB).

a Find the coordinates of point B symmetric to point A(0, 4) with respect to line
2x-y-1=0

Solve the following problems.
n Find the equations of the perpendicular bisectors of the following line
segments AB.

(@) A(-2,3),B(2, 1) (b) A(-1, 2), B(5, -2) (©) A(0,6), B4, 4)

a Find the coordinates of point B symmetric to point A(1, 2) with respect to line
x+2y-10=0

a Find the coordinates of point B symmetric to point A(4, - 1) with respect to
lined4x-2y-3=0

% Challenge

In an ophthalmic surgical laser system, a targeting laser line is
modeled by the equation y = 2x. If a calibration sensor is placed at

point A(5, 0), the signal receiver must be positioned at point B,
which is the exact symmetric reflection of point A across the laser
line.

Find the coordinates of target point B to ensure accurate system
calibration.

Chapter 4 Geometry and Equations

( && Work with a partner)

Collaborate with your group to solve

question (2) then discuss the answer.
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Line

MATHEMATICS Chapter 4 Geometry and Equations

Distance Between a Point and a

r

o The distance d between point (x;, y1 ) and lineax+ by + c=0is:

| ax; + by, +c|
Va2 + b’

o To find the length of the perpendicular dropped from a point to a line,

d=

just find the distance between the point and the line.
\_ J

m

Find the following values.

a The distance d between point ( -2,1) and line3x-2y+5=0

a The length of the perpendicular OH dropped from the origin O to line3x —y = 5

Explanation

13 (=2)+(=2)-1+5]
B-—7=

§‘|w ﬂl
—
w ol w

w
E‘
w

n The length of the perpendicular dropped from a point to a line is the distance

between the point and the line.

Transforming 3x —y = 5gives 3x — y—5=0@-------------ccroorononoonon

_13:04(=1)-0=5]

NEFTE

OH

Chapter 4 Geometry and Equations

( 1
Learning Outcomes
Calculate the perpendicular distance
from a point to a straight line and

apply this skill in solving geometric

problems.

. J/

* ()

d

Transforminto theformax+ by +c¢=0

so the formula can be used.
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Find the following values.

(“ Work with a partner)

n The distance between point (3,-2) and linex+2y-4=0

Collaborate with your group to solve

a The length of the perpendicular dropped from point ( - 1,5) to liney=3x-2 question (2) then discuss the answer.

Find the following values.

n The distance between point ( - 3,2) and line2x-3y+6=0

a The distance between point ( -3, 7) and line 12x-5y =7

a The distance between point (- 8,1) and liney=2x-3

n The distance between the origin and line 3x—4y—5 =0

a The length of the perpendicular dropped from point (2, 3) to line3x+2y+1=0
n The length of the perpendicular dropped from point (13,4) to line 3x+4y-5=0

The length of the perpendicular dropped from point (1,2) to liney=3x+1

% Challenge

In stereotactic radiosurgery, a narrow radiation beam is modeled
by the liney = 3 x +2. Acritical nerve center (modeled as a point)
is located nearby at P(-1, 5).

To prevent radiation damage, medical physicists must calculate the
shortest (perpendicular) distance from the nerve center to the path of
the radiation beam. Find this distance to ensure it meets the required
safety margin.

Chapter 4 Geometry and Equations
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Area of a Triangle

Chapter 4 Geometry and Equations

4-13

MATHEMATICS

3
@ How to find the area of AABC on the coordinate plane:

« For the base, find the distance between 2 pointsAandB .

« For the height, find the distance between point C and line (AB) .

\_

Find the area of AABC with verticesA(1,1),B(3,7),andC(-3,-1)

Explanation

(AB) = /G -12+(7—12"°

=2v10...... (i)
The equation of line (AB)isy —1 =———(x— 1)@ - --coovveeeeens

Simplifying this gives 3x — y—2 =0

The distance between point Cand line (AB)is: @ - - -+ -+ - oo oivivin

13- (=3)+(=1) - (=1) = 2|

NEETEE =

From (i) and (ii), the required area of AABC is:
1
e 24/10 x /10 =10

Find the areas of AABC given the following vertices.

(@) A(1, 5), B(-3, —3), C(3, —6)

(b) A(-2, 1), B(2, -1), C(0, 4)

Find the areas of AABC given the following vertices.
(a) A (09 _6) s B (29 _2) ) C(19 5)

(b) A(-2, 4), B(-3, -5), C(5, -1)
(©) A2, 5), B(0, 1), C4, 2)

Chapter 4 Geometry and Equations

Learning Outcomes

Determine the area of a triangle using

coordinates.

Find the base.

Find the equation of line AB, which

is needed for the height calculation.

Find the height.

(“ Work with a partner)

Collaborate with your group to solve
the try section then discuss the

answer.
(N J

" % Challenge '

In reconstructive burn surgery, a
patient requires a triangular skin
graft. A surgical imaging system
maps the wound boundaries onto
a coordinate grid (where 1 unit=1
mm) with vertices at A(-2, 1), B(1,
5), and C(-21, -21).

To harvest the correct amount of
donor tissue, the surgical team must
calculate the exact surface area of
the triangular wound. Find the area
of triangle ABC.
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MATHEMATICS

Line Passing Through a Fixed Point

4 )
m Learning Outcomes
0 Steps to solve problems involving lines “passing through a fixed point Determine the line passing through a
for all values of k” : fixed point.
o Rearrange the equation of the line with respect to k and treat it
as an identityin k.
@ From theidentityink, (ax+ by + c)k + (@’x+ by +¢) =0,
ax+by+c=0
ax+ by + ¢ = 0create a system of equations and solve it.
\_ W,
Theline (k — 4)x+ (k + 2)y + k + 5 = 0 passes through a fixed point regardless
of k. Find the coordinates of that fixed point.
Rearranging (k — 4)x + (k + 2)y + k + 5 = 0 with respect to k gives:
x+y+Dk+(—4x+2y+5)=0 :
Since thismusthold forallk, @ - - - -« - - - Treat it as an identity in k.

xX+y+1=0
—4x+2y+5=0 3

Solving this gives x = 5 y= -3

Therefore, the fixed point the line passes through is (% - %)
Theline (2k + 1)x — (k + 2)y + 7k + 8 = 0 passes through a fixed point for all
values of k. Find the coordinates of this fixed point.

Solve the following problems.

n Theline (k + 2)x + ky — 6 = 0 passes through a fixed point for all values of k.

Find the coordinates of this fixed point.

a Theline (k + 3)x — (2k + 1)y 4+ k — 2 = 0 passes through a fixed point for all
values of k. Find the coordinates of this fixed point.

a Theline (k + 3)x + (3k + 2)y + 7 = 0 passes through a fixed point for all
values of k. Find the coordinates of this fixed point.

" % Challenge

Theline-(k-2)x+ (k-3)y=-3k+5 passes through a fixed point for
all values of k. Find the coordinates of this fixed point.

Chapter 4 Geometry and Equations

( A& Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.
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Conditions for Not Forming a
Triangle

MATHEMATICS Chapter 4 Geometry and Equations

~
m Learning Outcomes

Derive and explain the conditions

4-15

o There are 2 cases for the conditions where 3 lines do not form a : )
under which a triangle does not form

triangle: @) 2 lines are parallel = The gradients of the 2 lines are the (collinearity of points).
same. @ 3 lines intersect at 1 point = Find the point of intersection of 2 - 7
lines, and the remaining line also passes through that point.
. J
Ifthe3linesx-y+1=0,2x+y+2=0,and ax + 3y — 4 = 0 do not form a triangle,
find the value of the constant a.
Explanation
First, check the condition where 2 of the given 3 lines are parallel.
Transforming the 3 lines gives: ® - === Transform intoy = mx + k form to
y=x+1.... ) see the gradients.
y=-2x—2 ... (ii) :
a
y=-3x + - (iii)

Since (i) and (ii) are not parallel, check the cases where (i) and (iii)

are parallel, and (ii) and (iii) are parallel. The gradients of the 2 lines are the

(i) and (iii) are parallel when: = @------ccceormorororrraria o same.

1= —%, soa= -3

(ii)and (iii)are parallel when: o= _a s0a=6 Find the point of intersection of the 2
. 3’

lines that do not have the constant a.
Next, check the condition where the 3 lines intersect at 1 point. @ - - - - - - - - - .-« :

Solving (i) and (ii)simultaneously, the point of intersectionis (-1,0). ® --------- :
The remaining line passes through

a 4 L
Since (iii)passes through point (-1, 0), 0= -3 (-1 + 3 s0a= —4 this point.

Therefore,a = —4, -3, 6

m (“ Work with a partner)

Collaborate with your group to solve

Ifthe 3 linesx-2y+8=0,x+y-1=0,and ax + y—5 = 0 do not form a triangle, the try section then discuss the

find the value of the constant a. answer.
g J
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Solve the following problems.
n Ifthe 3 linesx-2y+1=0,3x+2y=6,andax— 3y + 2 =0donotforma

triangle, find the value of the constant a.

a Ifthe3linesx-y=-1,3x+2y=12,andax—y = a — 1 donotform a

triangle, find the value of the constant a.

* Challenge

If the three linesx+2y-1=0,3x+y+2=0and mx+4y-3=0do not
form a triangle , then find the sum of all possible values of m.

Reflect

How might the intersection of lines and triangles be used to solve problems

(e.g., navigation, construction, or design)?

Chapter 4 Geometry and Equations
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Chapter 4 Geometry and Equations

MATHEMATICS

Concept 3 - Circles

Global positioning systems (GPS) and localized cellular
networks rely entirely on the coordinate geometry of
circles to determine your exact location. When your

phone searches for a signal, it connects to multiple

Equation of a Circle (1)

stationary cell towers. Each tower detects your device's signal strength and calculates a

precise radius of distance, creating a circular boundary of where you could be.

Assingle tower leaves your location ambiguous, but the moment a second and third tower

map their overlapping circular signals, coordinate geometry pinpoints your exact
position. In the tech industry, this mathematical process is known as trilateration. A

minor mathematical error in calculating these circular boundaries would disrupt

everything from automated ride-sharing apps to emergency response tracking systems.

Guiding Question How can we use the coordinate geometry of circles to model
boundaries, calculate overlapping regions, and determine the exact intersection

points of wireless signals in modern communication systems?

~ m )
o « The equation of a circle with center (a, b) and radius ris
(x — a)’ + (y — b)* = r¥(Standard form). Especially when the origin is the
center, x*> +y? = r’.
« The equation of a circle can also be expressed as
x> +y? + Ix + my + n = 0(General form).@ - - - --------omeeaaa o
o When the center and radius of the circle are known, use
x—a)+@y-b’=r
@ Whenx® +y? + Ix + my + n= 0is transformed into (x — a)? +
(y — b)* = k, ifk > 0, it represents a circle with center (a, b) and radius vk.

_/

Solve the following problems.
n Find the equation of the circle with center (3, -2) and radius 5

a Determine what kind of figure x* + y* — 6x + 2y + 6 = O represents.

Chapter 4 Geometry and Equations

Learning Outcomes

Derive and use the different forms of
the equation of a circle—given its
center and radius, or based on specific

points.

The expanded form of the standard

i form.
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Explanation

n Since the center and radius are known, use (x — a)? + (y — b)* = r2.

(x=3)* + (y+2)* = 5°

(x—3)* + (y+2)2 =25 Ifk > 0, itis a circle with center
(a, b) and radius vk.
a Transform into the form (x —a)? + ( = b)> = k. @ -« - =vcmemmaemmaemaaaaa.

XY — X+ 2Y F 6 =0 @ :

Complete the square forxand y.

(x=3"=9+@+1P’-1+6=0

Simplifying this gives (x — 3)2 + (y + 1)* = 22,
When identifying a circle, always
Therefore, the required figure is a circle with center ( 3,- 1) and radius2 ® - - -~ - -

Solve the following problems.

(“ Work with a partner>
n Find the equations of the following circles.

Collaborate with your group to solve

state its center and radius.

(a) Center(-3,1),radius2 (b) Centeristhe origin, radius 4

question 2 then discuss the answer.

a Determine what kind of figure x> + y* — 4x — 6y + 4 = O represents.

Solve the following problems.

n Find the equations of the following circles.
(a) Center(3,4),radius6
(b) Center(-2,6),radius2+/3

(c) Centeristhe origin, radius 5

a Determine what kind of figures the following equations represent.
(@) X*+y*—4x+8 +4=0 b)) ¥*+y*—4x=0

© ¥+y* +2x—4y—-20=0 @d F+y* +4x—6y=0

% Challenge

Find the equation of the circle passing through the two points A(2,5)
and B(8,1) such that its center lies on the straight line whose equation
isx+y=8

Chapter 4 Geometry and Equations
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Equation of a Circle (2)

Chapter 4 Geometry and Equations
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MATHEMATICS

( m
o When the center and radius of a circle are known, use

(x—a) +(@y—-b)Y’=r

« The radius of a circle can be found by the distance between the center

and a point on the circle .

« The center of a circle where the coordinates of both ends of its diameter

are known is the midpoint of the diameter .

o When 3 points on the circle are known, use x* +y? +Ix + my+n=0

. J

[

Find the equations of the following circles.

n A circle with center (2, 3) passing through point (4, 6)
a A circle with 2 points A(1, 3) and B(3, - 5) as both ends of its diameter

a A circle passing through 3 points (1,1),(2,-1),and (3,2)

Explanation

0 n Since the center of the circle is known, use

(x—a)?+@-b’=r

"

(2 3)

Find the radius of thiscircle. @ -« -« oo

V2 -4 +(B-672=v13

Therefore, the required equation of the circle is (x — 2)° + (y — 3)* = 13

(1,3)
S a Since the center of the circle with 2 points A(1, 3) and

\'r

¥ B(3,-5) as both ends of its diameter is the midpoint of AB,® - - - - - - -

\ (1+3 3+ (=5)
B(3, —5) T, T

Also, since this circle passes through point A, finding the radius gives: @ - - - - - - .

V-1 +(-1-32 =17

Therefore, the required equation of the circle is (x — 2)° + (y+1)* = 17

Chapter 4 Geometry and Equations

-

N

Learning Outcomes

Derive and use the different forms of
the equation of a circle—given its
center and radius, or based on specific

points.

The radius of a circle is the distance
between the center and a point on

the circle.

The center is the midpoint of the

diameter.

The radius of a circle is the distance
between the center and a point on

the circle.




4-17 — Equation of a Circle (2)

3.2) a Since 3 points on a circle are known, use
» : Substitute the 3 pointson acircleto

x2+y2+lx+my+n=0. ..................................... :

(1) ¢ i setup asystem of equations.

Since it passes through point (1,1),12+12+[-1+m-1+n=0
Simplifying this gives | + m + n+2 = 0......(1)

Sinceit passes through point (2,-1),2% + (-1)2 +1-2+m- (-1)+n=0
Simplifying this gives 2l —m + n + 5 =0 ......(ii)

Since it passes through point (3,2),32+22+[-3+m-2+n=0

Simplifying this gives 31 + 2m + n + 13 =0 ......(iii)

(2, -1)

Solving (i), (ii), and (iii)simultaneously givesl = —=5,m = —1,andn = 4
Therefore, the required equation of thecircleis x> + y> = 5x —y +4=0@ -+ -~

Find the equations of the following circles. f )
(“ Work with a partner)

Collaborate with your group to solve

Unless a format is specified, you can

leave it in this form.

a Acircle with center ( - 3, 1) passing through point (4,-2)
a A circle with 2 points (3, 4) and (5, - 2) as both ends of its diameter
question 3 then discuss the answer.

a A circle passing through 3 points (0,1),( - 1,2),and (3,1) L )

Exercise

Find the equations of the following circles.
n A circle with center (1, - 3) passing through point ( -3, 0)

a Acircle with center ( -4, 1) passing through point (3,-2)

a A circle with center (2, - 1) passing through the origin

n A circle with the origin as its center passing through point (4, - 3)

a A circle with 2 points (4,7) and ( - 2, - 1) as both ends of its diameter
a A circle with 2 points (4,-2) and ( = 6, - 2) as both ends of its diameter
A circle with 2 points ( —3,0) and ( - 1, 2) as both ends of its diameter
n A circle with 2 points ( — 3, 6) and (3, - 2) as both ends of its diameter
a A circle passing through 3 points (0,0),( - 1,1),and (2, 4)

m A circle passing through 3 points ( -4, 6),(0,8),and (3,-1)

m A circle passing through 3 points (1,1), (5,-1),and ( -3,-7)

% Challenge '

During an electrophysiology study of the heart, cardiologists map
the electrical activity of a patient's atrium to locate the origin point

of an abnormal heart rhythm (arrhythmia). The wavefront of the
electrical anomaly spreads outward in a perfect circle.

A mapping catheter detects the electrical wave passing through three
specific sensor coordinates on a diagnostic grid

Sensor 1: (0, 2) Sensor 2:(2,0) Sensor 3: (4, 6)

Find the mathematical equation of the circle formed by this electrical
wave to determine its center point (the arrhythmia focus) and its radius.

. y,

Chapter 4 Geometry and Equations
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Equation of a Circle (3)
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MATHEMATICS

N\ [ N

s
m Learning Outcomes

Derive and use the different forms of

o When finding the equation of a circle tangent to an axis, always draw a ) ) -
the equation of a circle—given its

diagram to visualize. center and radius, or based on specific

points.

o The radius of a circle tangent to the x—axis or y—axis can be found by
. J

the distance between the center and the point of tangency .

\. J

Find the equations of the following circles.

n Acircle with center (4, - 2) tangent to the x-axis

a Acircle passing through point ( -2, 1) and tangent to both the x-axis and the y—axis
a A circle whose center lies on the line y = - x, passing through 2 points (5, 2)
and (-2,3)

Explanation

¥
. n Since the center of the circle is known, use
s

(x—a)*+ (@ —b) =1

Bl

| -
\o4,-2)

Find the radius of this circle by drawing a diagram.
istance between the center and

From the figure on the left, the radius of this circleis 2 ® he point of tangency.

Therefore, the required equation of the circle is (x — 4)2 +(y+ 2)2 =4

¥t

S B} Draw a diagram that fits the conditions.

ﬁ:""':' o ] Let the radius of the required circle be r(r > 0). From the figure

£

~, 15+ ontheleft, the coordinates of the center are (—r, r).

Next, to find the radius, create an equation regarding the radius.
The radius is the distance between

1 1 1 1 —_ . . ..............................
Since this circle passes through point (-2, 1): the center and a point on a circle.

._.—.._\\ \/(_2+r)2+(1—r)2:r.

5 :
ks (=2 +nN"+Q =rP=r* Square both sides.

o Simplifying this gives r’—6r + 5 = 0
Solving this givesr =1, 5
Noting that r > 0, the required equations of the circles are:

x+1D°+(—17=1, x+5°+(y—5°=25

Chapter 4 Geometry and Equations
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_ a Since the center lies on the line y= —x, the coordinates of

Noa N\ . the center of the required circle can be set as (a, —a).

Let the radius be r(r>0). Since this circle passes through

. Createan equation regarding the

point(s,z):...............................................E

¢ radius.

VE—aP+Q+ar=r

5-a)+Q+aP=r.... i)

Also, since it passes through point (-2, 3):
V(=2—-a)*+ (3 +a)?

(—2—a’+B+aP=r ... (ii)

ince we are finding the equation of

Solving (i) and (ii)simultaneously givesa = 1,72 = 25@®: -« o ovoeeens ) )
circle, we only need to find r2.

Therefore, the required equation of the circle is (x — 1)* + (y + 1)° = 25.

Find the equations of the following circles.
n A circle with center ( -2, 3) tangent to the y-axis (L&k work witha partner )

Collaborate with your group to solve

a A circle passing through point (1, 2) and tangent to both the x-axis and the
. question 3 then discuss the answer.
y—axis

a A circle whose center lies on the liney =x + 5, passing through the origin and
point (1,2)

. . . . An arc-based radiotherapy gantry
Find the equations of the following circles. rotates in a circular path. Its center
n Acircle with center ( - 1, 4) tangent to the x-axis of rotation is constrained to the

) . . track along the x-axis. The trajectory
a A circle with center (3, - 4) tangent to the x-axis must intersect two spatial
. . . calibration checkpoints: P1(-2, 2)
a Acircle with center (5, - 4) tangent to the x-axis and P2(1, 1). Find the circle's
n A circle with center ( - 1, 6) tangent to the y-axis standard equation, its center of
rotation, and the exact beam radius.
a Acircle with center (2, - 5) tangent to the y-axis L )

B Acircle with center ( - 3, - 4) tangent to the y-axis

A circle passing through point ( - 1, - 2) and tangent to both the x-axis and
the y—axis

n A circle passing through point ( -2, - 1) and tangent to both the x-axis and
the y—axis

a A circle passing through point (8, - 1) and tangent to both the x-axis and the
y—axis

m Acircle whose center lies on the line y =x + 1, passing through 2 points (3, 4)
and (1,4)

m A circle whose center lies on the line y = 2x - 6, passing through 2 points
(3,7)and (-1,3)

Chapter 4 Geometry and Equations
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MATHEMATICS

Conditions for Forming a Circle

Find the range of values for the constant k such that the equation x* +

y* — 2kx + 2ky + 4k + 6 = O represents a circle.

Explanation

Transforming x? + y* — 2kx 4+ 2ky + 4k + 6 = 0 gives: @ - -« oo

(x—kY —k*+@+k’—k*+4k+6=0

Simplifying this gives:

= k) 4+ + k) =2k2 =4k — 6@ -

This equation represents a circle when 2k*—4k—6 > 0

Solving thisgivesk < —1ork >3

Find the range of values for the constant k such that the equation

x? + y* + 2kx — 4ky + 4k> + 6 = O represents a circle.

Solve the following problems.
n Find the range of values for the constant k such that the equation

x> +y? + 2x—y + k = O represents a circle.

n Find the range of values for the constant k such that the equation

x* +y? + 6kx — 2ky + 28k + 6 = 0 represents a circle.

a Find the range of values for the constant k such that the equation

x> +y? + 2kx — 2(k + 3)y + 4k? + 1 = O represents a circle.

Chapter 4 Geometry and Equations

-
m Learning Outcomes
Identify the conditions required for
o When the equation x* + y? + Ix + my + n = 0 is transformed into the : . .
forming the equation of a circle.
form (x —a)®> + (y — b)* = (constant), if (constant) >0 , then this
equation represents a circle.
\_

ransform into the form (x — a)? +

- b)’ = (constant).

If (constant) >0, itis a circle.

7* Challenge '

An automated ultrasonic welder
generates an acoustic stress
boundary modeled by the
equation:

X2+ y* + 6x — 2ky + 2k? — 4k +
9=0

For a stable, real circular safety
perimeter to exist around the
machine, the radius of this equation
must be a real, positive number.
Determine the exact range of values
for the power setting constant k that
guarantees this equation represents
areal circle.

\. J
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Points of Intersection of a Circle
and a Line (1)

MATHEMATICS Chapter 4 Geometry and Equations

s
m Learning Outcomes

Calculate the points of intersection

4-20

o When finding the coordinates or the number of points of intersection ) o
between a circle and a straight line.

between a circle and a line, solve the equations of the circle and the line

simultaneously.

+ When finding the coordinates, find the solutions to the simultaneous
equations.

+ When finding the number of points, create a quadratic equation and

check the sign of the discriminantD .

Sign of D D>0 D=0 D<0
Number of
points of 2 points 1 point 0 points

intersection

Position ); y
relationship r
between o o X
circle and Intersects at two Touches HE]S no POil}tS of
line distinct points intersection
\- Y,

'

Solve the following problems.

n Find the coordinates of the points of intersection of the circle (x + 2)* +
y?>=10and theliney = —2x + 1
a Find the number of points of intersection of the circle x* + y* = 2 and the line

x—y+3=0

Chapter 4 Geometry and Equations
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Explanation

n Solve the equations of the circle and the line simultaneously.

{@+m%y%ﬂo ...... (i)

Substituting (ii)into (i) and simplifying gives:
5 -5=0

Solving this givesx = +1 . Substitute into the linear equation.

From (ii),whenx=1,y = —1;whenx = -1,y = 3
Therefore, the coordinates of the required points are (1, —1), (-1, 3)

n Solve the equations of the circle and the line simultaneously.

{ﬁ+ﬁ: ...... i)

From (ii), y = x + 3 ...(ii)’

Substituting (i)’ into (i) and simplifying gives:
2x>+6x+7=0

Let the discriminant of this equation be D :
D=62-4-2-7=-20<0

Therefore, the number of points of intersection is 0.

Solve the following problems.

( A& Work with a partner)
n Find the coordinates of the points of intersection of the circle x* + y?= 4 and Collaborate with your group to solve

thelinex + y=2 question 2 then discuss the answer.

n Find the number of points of intersection of the circle x> + y2= 10 and the

liney=2x-5

Solve the following problems.
n Find the coordinates of the points of intersection for the following circles and

lines.

(@) ¥ +y*=10,y=3x-10

(b) X*+)*’=5,2x—y+5=0

() x—1 +y*=10,x+3y—1=0

n Find the number of points of intersection for the following circles and lines.
(@ X*+y’=5y=x+2

(b) X*+y*=2,2x4+3y—-6=0

€ x+1°+@y—-2"=5x+2y+2=0

Chapter 4 Geometry and Equations 188
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4.21 Points of Intersection of a Circle
; and a Line (2)

MATHEMATICS Chapter 4 Geometry and Equations
a )

m Learning Outcomes
0 How to solve problems where the positional relationship between a Calculate the points of intersection
circle and a line is a condition: between a circle and a straight line.
« If the equation of the line is unknown, use the discriminant based on the
positional relationship. Intersects at 2 distinct points = D > 0, Tangent =

D = 0, Has no points of intersection= D <0
« If the radius of the circle is unknown, use the size relationship between (
radius r) and (distance d between the center of the circle and the line)
based on the positional relationship.

-...m-“-' T == “"“-:.:PH_- - H:"“““' o

Positional e | T YA

relationship © =

between a circle Intersects at Touches Has no points of

and aline: two distinct intersection

points
Size relationship r>d r=d r<d
betweenrandd :
\_ W,

Solve the following problems.

n If the circle x? + y* = 5 and the line y = 2x - k intersect at 2 distinct points,
find the range of values for the constant k.

n If the circle x2 + y* = 12 and the line 2x + y — 5 = 0 are tangent, find the
value of the radius r of the circle.

Explanation

n Since the equation of the line is unknown, solve the equations of the circle
and the line simultaneously, and use the discriminant.
5x* —4kx+k*—-5=0

Let the discriminant of this equation be D,

D= (—4k)y* —4-5- (k* = 5)
: When they intersect at 2 distinct

2 1070 T 0 T
= —4k?+100 > 0 ® points, D0

Solving this gives =5 <k < 5

Chapter 4 Geometry and Equations
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a Since the radius of the circle is unknown, find the distance d between the

center of the circle (0, 0) and the line.
[2:0+1-0—-5]

d=
RCEas
=5

V5
SWVE

Therefore r=1/5 @ ---ccrcemmmmm it iiiieeeeeceaaene When they are tangent, r = d.

Solve the following problems.
a If the circle x*> + y? = 4 and the line y = mx + 4 are tangent, find the value of ((&& worknwith a partner )

Collaborate with your group to solve

the constant m.
question 2 then discuss the answer.

a If the circle x? + y* = r? and the line x — 3y — 10 = 0 have no points of
intersection, find the range of values for the radius r of the circle.

Solve the following problems.
n If the circle x* + y* = 8 and the line y = x 4+ m are tangent, find the value of
the constant m.

a If the circle x* + y* = 10 and the line y = 3x + n have no points of
intersection, find the range of values for the constant n.

a If the circle X2 + y? = 5 and the line y = 2x + m have points of intersection,
find the range of values for the constant m.

n If the circle x? + y* = r? and the liney = x + 2 are tangent, find the value of
the radius r of the circle.

B If the circle x* + y* = r? and the line 4x -y + 17 = 0 intersect at 2 distinct
points, find the range of values for the radius r of the circle.

% Challenge

A coastal radar station maps its coverage area as a circular zone centered
at the origin:

X+yr=r

A straight international shipping lane follows the path modeled by the linear
equation:

3x+4y—-10=0

To comply with maritime privacy laws, the radar's signal must remain
completely clear of the shipping lane, meaning they share no points of
intersection. Since a radius must be a positive physical distance (r > 0),
determine the exact range of values for the radius r to maintain this separation.

Chapter 4 Geometry and Equations
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Length of a Chord

Chapter 4 Geometry and Equations

4-22

MATHEMATICS

N\ [ N

~
m Learning Outcomes

Compute the length of the common

o In problems finding the length of a chord, first draw a diagram and use

chord formed by the intersection of a

Pythagoras’ theorem . Let r denote the radius of the circle, d the length circle and a line.
of the perpendicular drawn from the centre of the circle to the chord, and [ - g
half the length of the chord. Since the perpendicular drawn from the centre &
of the circle to the chord bisects the chord, we have ¥ = d* + I \\{;?\:i
\_ Y CJ.}[_:;;§

[

Solve the following problems.

n Find the length of the chord cut off by the circlex? + y?*= 4onthelinex+y—1=0
a Find the value of the constant k such that the length of the line segment
connecting the 2 points of intersection of the circle x> + y* = 3 and the line

XxX—y+k=0is2

Explanation

n Since it is a problem to find the length of a chord, first draw a diagram to

visualize.

Let d be the length of the perpendicular dropped from the center of the
The length of the perpendicular is

circle (0,0)tothelinex+y —1=0: @ -----corroerrorrorroerrerrerooeee the distance between the point and
gol1o+1-0-11 1  theline.
V1P 2 :

Let half the length of the required chord be L. Since the

radius of the circle is 2, from Pythagoras’ theorem:

l2: 22 _ d2

lZ — 4_(%)2

V14

7
2=z From!l >0, = —
2 2

Therefore, the required length of the chord is 21 = /14,

Chapter 4 Geometry and Equations
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a Since the line segment connecting the 2 points of intersection of the circle
x? +y2 =3 andthelinex — y + k = 0formsa chord, draw a diagram to visualize.
Let d be the length of the perpendicular dropped from the center of the circle

(0,0)tothelinex-y+k=0:
S N d_|1~0+(—1)-0+k|

Ve

Also, since half the length of the chord is 1 and the radius
of the circle is v/3, from Pythagoras’ theorem:

¢ = (V3P -1

d’=2 Sinced > 0,d = V2......(ii)

From (i) and (ii), % =2

V2

k| :2.___________________________________-___-___.___-__---_.--_---,é When removing the absolute value

© sign, add +.
Therefore, k = +2 sign. @

Solve the following problems.

n Find the length of the chord cut off by the circle (x—2)* + (y+1)* = 9 on the (&4 Work with a partner )
line x + 2y —5=0 Collaborate with your group to solve

question 2 then discuss the answer.

a Find the value of the constant k such that the length of the line segment

connecting the 2 points of intersection of the
circlex? + y?>= 16 and the liney = x + k is v/2

Solve the following problems.
n Find the length of the chord cut off by the circlex* + y* = 10 on theline2x—y = 5

n Find the length of the chord cut off by the circle (x—2)* + (y—l)2 = 5ontheline
x+y=4

a Find the length of the chord cut off by the circle x> + y? = 3on the linex — y= 2

n Find the value of the constant k such that the length of the line segment connecting
the 2 points of intersection of the circlex? +y? =10 and the liney = x + kis 41/2

a Find the value of the constant k such that the length of the line segment connecting
the 2 points of intersection of the circle (x- 1)2 +y? =5 and the liney = x + kis 3v/2

% Challenge

Find the value of the constant k such that the length of the line
segment connecting the 2 points of intersection of the circle
x> +y*+4x—2y—7=0andtheliney =x +kis4

Chapter 4 Geometry and Equations
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Tangent to a Circle

Chapter 4 Geometry and Equations

4-23

MATHEMATICS

4 )
m Learning Outcomes
Derive the equation of a tangent to a
o The equation of the tangent to the circle x? + y*> = r? at point (a, b) on .
itis: ax + by = r?
o For the equation of a tangent drawn from a point not on the circle,
When the problem states “drawn
consider the coordinates of the point of tangency as (a,b) . & ------.... .. 4 from ~
. J
t y
ax+by=r

Point of tangency
. . . ’ r
Find the equations of the following tangents. l%\x*ﬂﬂ:rl
EJ Tangentto thecirclex? +y? =25 at point (4, 3) . __,
= 0 X
n Tangent drawn from point P(1, 3) to the circlex? +y2 =5 K/

—-r
Explanation

n Since the point of tangency is (4,3), @ ------ccccerreiitn

When the problem states “at a given

i point”

4x+ 3y =25

B} Let the coordinates of the point of tangency be (a, b). @ -+ oovon

The equation of the tangentisax + by = 5

Since this passes through point P(1,3),a+3b=5...... (i)

Also, since the point of tangency lies on x> + y? = 5,a% + b*> =5 ......(ii)
Solve (i) and (ii) simultaneously.

From (i), a = =3b + 5......(1)°

Substituting (i)’ into (ii) gives ( —3b + 5)* + b*>=5

Solving this givesb = 1, 2

There are 2 tangents drawn
from a point outside the circle.

Substituting into (i), when b = 1, a = 2; when b= 2, a= —1

Therefore, since the point of tangency is (2,1) or ( - 1,2),

the required equations of the tangentsare2x + y=5and —x + 2y =5 ©.... When the problem states “at ~”

Chapter 4 Geometry and Equations




4-23 — Tangent to a Circle

Find the equations of the following tangents.

C“ Work with a partner)

n Tangent to the circle x2 +y? = 34 at point (5, 3)

Collaborate with your group to solve

EJ Tangent drawn from point (- 2,4) to the circle x? +y? = 10 question 2 then discuss the answer.

Find the equations of the following tangents.

n Tangent to the circle x? +y2 = 10 at point (3,- 1)

a Tangent to the circle x2 + y2 =29 at point ( - 5,-2)

a Tangent to the circle x? +y? =5 at point ( -2, 1)

n Tangent drawn from point ( - 1, 3) to the circlex? +y2 =5

a Tangent drawn from point (2, 1) to the circlex? +y? =1

a Tangent drawn from point (2, 6) to the circle x2 +y? =20

' % Challenge \

An autonomous delivery drone is navigating an industrial yard. The
yard contains a circular high-voltage storage tank centered at the
origin, with its hazard zone modeled by the equation:
X +y* =20
The drone is currently hovering at a staging point mapped at the
coordinates P(2, 6). To safely inspect the perimeter without entering
the hazard zone, the drone must align its optical sensors along a path
that is perfectly tangent to the circle from its current position.
Find the equations of the two available tangent sightlines the drone
can utilize, and pinpoint the exact coordinates where these lines touch
the boundary of the hazard zone.

. J
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Positional Relationship Between
Two Circles

MATHEMATICS Chapter 4 Geometry and Equations

~N
m Learning Outcomes

Determine the relative position

4-24

(

o Positional relationship between two circles (Review of Math A) between two circles (separate

Let the radius of circle O be r, the radius of circle O' be r'(where r > r'), and tangent, or intersecting).

the distance between their centers be d. The positional relationship

between the two circles and the relationship between r, ', and d are as

follows:
Are external to each other Touch externally Intersect at 2 points
r+r <d r+r =d r—r <d<r+r
A
\J
Touch internally Oneisinside the other
r—r =d r—r >d

(@ @
I'

Solve the following problems.

a State the positional relationship between the circle x* + y?>= 4 and the circle
(x—4P2+y*=9

a Find the equation of the circle with center (3, 1) that touches the circle

(x=1)2+(y+3)%=5internally.

Chapter 4 Geometry and Equations
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Explanation

n Since the centers of the 2 circles are (0,0) and (4, 0),

d=+/(4-02+0-02=4 G‘

Since the radii of the two circles are 2 and 3 respectively,

From3—-2<4<3+4+2,
r—r <d<r+r

Therefore, the 2 circles intersect at 2 points.

a Since the center of the circle (x — 1)? + (y + 3)* = 5is (1, —3),
d=/B-12+{1-(-3)F =25

Since the 2 circles touch internally, r —r' = d.

The radius of the circle (x — 1)? + (y + 3)° = 5is /5, and
sincev/5 <d,r =+/5

Therefore,r — /5 = 2+/5

r=3v5

Therefore, the required equation of the circle is:

(x—3) +(y—1)>=45

Solve the following problems.

a Choose the positional relationship of the following 2 circles from A to E, and
answer with the letter.

(a) Circlex? +y2 =9andcircle (x =32 + (y —4)> =4

(b) Circle (x—1)>+y?>=52andcirclex? +y> +2x— 6y =3

A. Are external to each other

B. Touch externally .
C. Touch internally .
D. One s inside the other

E. Intersect at 2 points

a Find the equation of the circle with center ( - 3, - 9) that touches the circle

(x+6)2+(y+5)2=1externally.

Chapter 4 Geometry and Equations

C“ Work with a partner)

Collaborate with your group to solve

question 2 then discuss the answer.
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Solve the following problems.
n Choose the positional relationship of the following 2 circles from Ato E, and

answer with the letter.

(a) Circlex? +y?>=4andcircle(x—1>+y*=1

(b) Circlex? +y? = 18 and circle (x + 2)> + (y —2)° =2

(c) Circle(x+3)>+y*=16andcirclex’? +y*—2x—8y—8=0

(d) Circlex® +(y —3) = 45andcirclex® + y* + 2x — 2y = 3

A. Are external to each other  B. Touch externally C. Touch internally

D. Oneisinside the other E. Intersect at 2 points

a Find the equation of the circle with center (3, -9) that touches the circle

(x-3)2+y? =9internally.

% Challenge

Find the equation of the circle with center ( — 1, - 2) that touches the
circlex? +y? - 4x -4y + 4 =0 externally.

Chapter 4 Geometry and Equations
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MATHEMATICS

4-25

Points of Intersection of Two
Circles

Chapter 4 Geometry and Equations

.

Solve the following problems.

n Find the equation of the line passing through the points of intersection of the

circlesx* + y* = 4and

P+y?+2x—4y=9

a Find the coordinates of the points of intersection of the circles x* + y?= 10

andx? +y*+2x—y =75

Explanation

Solving the equations of the two

circles simultaneously:

{

Subtracting (ii) from (i) gives:

—2Xx+4y=-5
15
V=373

Therefore, the required equation is:
1 5
Y=3"73

Chapter 4 Geometry and Equations

Solving the equations of the two

circles simultaneously:

{

Subtracting (ii) from (i) gives:
—2X+y=5

y=2x+5....(ii)

Substituting (iii) into (i) gives:

X +(2x+5P%=10

5% +20x+15=0

X +4x+3=0

x=-3, -1

Substituting these values into (iii):
Whenx=-3,y=-1
Whenx=-1,y=3

Therefore, the coordinates of the
points of intersection are (-3, -1),
(-1,3).

4 )
m Learning Outcomes
Find the coordinates of the points of
o To find the coordinates of the points of intersection of two circles or . . .
intersection of two circles.
the equation of the line passing through the points of intersection, create
and solve simultaneous equations.
_/
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Solve the following problems.
n Find the equation of the line passing through the points of intersection of the

circlesx* +y*> =6andx* +y?> + 3x+3y =9

a Find the coordinates of the points of intersection of the circles x> + y?= 4

and (x — 42 + (y —2)* =16

Solve the following problems.
n Find the equation of the line passing through the points of intersection of the

following 2 circles.
(a) Thecirclesx? +y?> =10andx*> +y* — 12x + 6y = 3

(b) Thecirclesx® +y*=4and (x—1)* +y*=4

B Find the coordinates of the points of intersection of the circles x* + y = 5

and (x =22 +(y—2y =1

* Challenge |

Two omnidirectional radar stations are tracking a drone.

Station Alpha is covering the range of x> + y> =25

Station Beta is covering the range of (x + 5)>+ (y + 5)2 =65

To pinpoint the exact locations where the drone transitions between
both radar perimeters, find the intersection points of their signal
boundaries.

Chapter 4 Geometry and Equations

C“ Work with a partner)

Collaborate with your group to solve

question 2 then discuss the answer.
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MATHEMATICS Chapter 4 Geometry and Equations

Circle Passing Through the Points
of Intersection of Two Circles

(R
o A curve passing through the points of intersection of the two circles
x*+y? +px+qy +r=0andx* +y*+ Ix + my + n = 0 can be expressed

0 When writing the final equation of a circle, ensure the coefficients of x
and y? equalto 1

Find the equation of the circle passing through the points of intersection of two
circlesx? + y> — 2x — 6y + 5 = 0 and x2+y?=5,and point (3, 0).

Explanation

The figure passing through the points of intersection of these 2 circles can be
expressed as k(x? +y* -2x-6y+5)+(x* +y*-5)=0...... (i)
Since the circle passes through the point (3, 0):

k(32 +0*—2-3—-6-0+5)+3*+02—-5=0

8k+4=0

Therefore, k = —%

Substituting this into (i) and calculating gives:

1, 1, 15

- -t 3
2x2+ SV Hx+3y - —=0e

Therefore, x> +y? +2x+ 6y —15=10

Find the equation of the circle passing through the points of intersection of two

circlesx? + y? — 4x — 2y — 8 = 0 and x2 + y?= 4, and the origin.

Solve the following problems.
n Find the equation of the circle passing through the points of intersection of 2
circlesx? +y? -2x-4y+3=0and x? +y2 =4, and point (3, 0).

n Find the equation of the circle passing through the points of intersection of 2
circlesx? +y? -6x-8y=0andx? +y? -1=0, and point (-3, 2).

a Find the equation of the circle passing through the points of intersection of 2
circlesx? +y? -2x-2y=0and x? +y? - 6x -4y + 12 =0, and point (4, 0).

Chapter 4 Geometry and Equations

asfollows:k (x> +y* +px+qy+r) + (¥ +y*+Ix+ my+n)=0e-------

Learning Outcomes

Find the equation of the circle that
passes through the points of

intersection of two other circles.

i Multiply one equation by k and add

_ )

it to the other equation.

. Make the coefficients of x* and »?
i equaltol

C A& Work with a partner)

Collaborate with your group to solve

the try section then discuss the

answer.

" % Challenge

Find the equation of the circle
passing through the points of
intersection of 2 circles
x2+y2-2x-6y+6=0andx? +y? +
4x-2y-11=0, and point (2,2).

\. J
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